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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination
Algebra

All the rings have a unity and modules are unitary and all questions have the same points.

1) Let R be a ring which contains a field K. Assume that R has no non-zero divisors, and

R is finite dimensional as a left K-module. Prove that R is a division ring.
2) Prove that a finite p-group with a unique subgroup of index p is cyclic.

3) Denote by R the ring of upper triangular matrices over a division ring D. Calculate

the Jacobson radical J(R) and show that B/IJ(R)-~x D.
4) Let I be an ideal of a ring R, and M, N be two R-modules.

i) Show that B/NM®RIHMas left R/I-modules.
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ii) Let R be the ring Y7 and let M be the ideal T Prove that M @gr M ~ M as

R-module.
5) Let R be a semi-simple ring.

i) Prove that up to isomorphism there are only finitely many simple R-modules.

ii) Identify all the prime ideals of R.

6) Let R be a local commutative ring with maximal ideal m, and let K = R/m, and M be

a finitely generated R-module. Show that if Hompgr(M, k) = 0, then M = 0.



