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Algebra

�� Show that there is no group such that jG�Z�G�j � ���

�� Let G be a group with G � G the direct product� Suppose f � G � G � G is a

homomorphism and suppose also that there is an element a in G such that f�a� x� �

x � f�x� a� for all x in G� Prove that G is abelian group� Also show that a is

identity element�

�� Let R be a Noetherian commutative ring with unit and let I� J � R be two proper

ideals such that �i� no prime ideal of R contains both I and J and �ii� all prime

ideals of R contain either I or J � Prove that� as a ring� R splits as a direct product

of subrings R � R� �R�� R�� R� �� f�g� Is necessary the noetherian condition	

�� Let R be a left Aritian ring which has the property that for any x � R� there exists

y � R such that x�y � x� Prove that R is a direct sum of 
nitely many division

rings�

�� Let R be a commutative Noetherian ring and M is a 
nitely generated module over

R� Prove that HomR�M�R� is a 
nitely generated R�module� If N is a 
nitely

generated R�module is the R�module M �R N noetherian	 What about if we omit

the condition of 
nitely genertedness of N	

�� Let R be a ring with unit and radical Jacobson J � If M is a left 
nitely generated

R�module� prove that�

a� JM �
T

�

M�� where M� rangs over all maximal submodules of M � Moreover if

R�J is a semisimple ring then equality holds�

b� An R�module homomorphism is called essential if it is surjective but its restric�

tion to any proper submodule of M fails to be surjective� Let P be a 
nitely

generated projective R�module and f � P �M is a sunjective homomorphism�

If ker f � JP then f is essential� If R�J is a semisimple ring� then this su�cient

condition is also necessary�


