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Algebra

Let GG be a group and let G’ be the commutator subgroup of G. Suppose that G’ is
abelian and G/G" is a cyclic group . Show that there is some ¢ € G such that no

proper nomal subgroup of G containing g.
Show that the group of ring automorphisms of a finite field is cyclic.

a) Show that every semisimple commutative ring with unity is isomorphic to a

direct product of finitly many fields.

b) A is a commutative algebra with unity of finite dimension over a field k, and A

has no non-zero nilpotent element. Show that A is a semisimple ring.

a) Let R be a commutative ring and M, N two free R-modules of finite rank.

Prove that Endr(M) (%) Endgp(N) ~ Endp(M (%) N) as R-modules.

b) Let R be a commutative ring with unity and let [ be an ideal of R such that
I? # I # R. Show that i®1g/s, where i : I — R is the inclusion homomorphism
R
and 1g/r: R/I — R/I is the identity homomorphism, is not injective.

A ring R is said to be prime if the zero deal is prime. Given a ring R with unity
such that R contains a non-zero minimal left ideal, show that R is prime if and only

if R is left primitive.

Let R be a ring with unity. Define a projective R-module. Show that P is projective
R-module if and only if there is a free R-module F' and an R-module K such that
F~Kd@®P as R-modules.

Is TT Q (cartesian product of countable copies of Q) a projective Z-module?
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