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Algebra

In the following problems all Rings have unity and all R�modules are

unitary�

�� Prove that if G is a group containing no subgroup of index �� then any subgroup of

index � is normal	

�� Classify all 
nite rings R with the following property� for any x � R� x� � x �

�x� � x�	

�� Let R be a commutative ring and suppose that m is an ideal of R	

i� If m is both maximal and principle show that there is no ideal I of R satisfying

m� � I � m	

ii� Give examples to show that neither of the two conditions on M in part �i� can

be removed	

�� Let R be a ring and S be a subring contained in the center of R	 Suppose that R is


nitely generated as a left S�module	 Show that ifM is a simple left R�module then

M is 
nitely generated as a left S�module and using it prove that J�S� � J�R��

where J�R� denotes the Jacobson radical of R	

�� Let R be a ring and suppose that R can be written as the sum R �
mP

i��

Ii� where the

Ii are 
nitely many two sided ideals of R satisfying Ii � Ij � �� whenever i �� j	

i� Prove that for every simple left R�module M � there exists a unique subscript k

such that IkM �� �	

ii� Show that if i �� j� then every left R�module homomorphism � � Ii � Ij is the

zero map	

	� i� Let A
f
� B

g
� C � � be an exact sequence of left R�modules	 Show that for

any right R�module D�

D �R A
��f
� D �R B

��g
� D �R C � �

is an exact sequence of Z�modules	

ii� Let G be an abelian group	 Prove that the kernel of the map G � Q �ZG�

where a� 
� a is exactly the set all elements of G which are of 
nite order	


