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Algebra

Let R be a commutative ring with unity and M and N be two R-modules.
Define the tensor product of M and N over R and show that if I and J are two

ideals of R, then there is an R-module isomorphism

Let R be a commutative ring with unity.

a) Let I be an ideal of R and I C J(R) (J(R) is the Jacobson radical of R).
Given a finitely generated R-module of M such that IM = M, show that
M =0.

b) Let R be a Noetherian local ring with maximal ideal m. If the ideal m/m?

in R/m? is generated by {m? + ay,... ,m? + a,}, prove that ideal m is
generated in R by {ay,...,a,}. (Ris called local if it has only one maximal
ideal).

Let G be a non-abelian group of order p™ (p is a prime) with an abelian subgroup
of index p. Then G has either 1 or p 4+ 1 abelian subgroups of index p, and in
the latter case [G: Z(G)] = p.

Let R be a ring. Define the injective and projective R-module and show that
() is not a projective Z-module. Also prove that if R is a local commutative
ring with unity, then every finitely generated projective R-module is free. By

an example show that the local condition is necessary.

Let R be a left notherian integral domain. Then show that for all 0 # ¢ € R
and for any nonzero left ideal I in R, we have Re N I # (0).

Let R be a ring such that (zy +yx)? = vy +yx for all  and y in R. Prove that
xy +yxr=0forall z,y € R.



