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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination
Algebra

Let  be a non-abelian finite group of p® elements, where p is a prime number, Prove

that the centre of G, Z(G) = ', where (i’ is the commutator subgroup of G.

Let K be an extension field of the field F' and a € K. If [F(a): F] is odd prove that
[F(a®): F]is odd and F(a) = F(a?).

* (in the following all ring have a unity element.)

Let R be a commutative ring and M, N be R-modules. Define the notion of M @ N
R
and calculate Z,, @ (). Furthermore, with what group is Homz(Z,, x Q, Z, x Q)
Z

isomorphic? (“x” denotes cartesian product).

Let I be a minimal left ideal in a ring R. Then either I? = {0} or [ = Re where ¢

is an idempotent in R that is ¢ = e.

Let R be a finite ring. If R has no nonzero nilpotent elements, show that R is

isomorphic to a direct sum of fields.

Let R be a commutative ring and P be a projective R-module, and M, N be two

arbitrary R-modules. Show that

a) If the sequence 0 — M — N — P — 0 is exact, then it splits.
b) If M, N are projective, then so is M @ N as an R-module.
R

¢) If P is non-zero, then P has at least one maximal submodule.



