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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination
Algebra

All the rings have a unit element.

1. Let G = Zg X Z19 X Z39, where Z,, denotes the cyclic group of order n. Does G admit

a homomorphism onto Z;57 What about 71597

2. a) Let R be a finite ring. Is it true to say that every element of R is either a zero

divisor or invertible.

b) Let R be commutative ring. Prove that the intersection of all prime ideals of R

equals the set of nilpotent elements of R.

3. Let R be a commutative ring and [ an ideal contained in the Jacobson radical

J = J(R), and M a finitely generated R-module. If ? @ M =0, then M = 0.
R

4. Let R be aring. If P is a projective R-module, then there is a free R-module F' and
an R-module K such that /' ~ K @ P. Is the ring Z[z] a projective Z-module? Is

it true that every R-module can be embedded in a projective R-module?

5. Let M be an R-module. The radical of M is defined as rad M = N{N | ¥ is
simple and N is a submodule of M}. If there is no N such that % is simple we put

radM = M. Prove that an R-module is finitely generated and semisimple if and
only if M is Artinian and rad M = 0.

6. Let M be an R-module. A submodule L of M is large if LN N # 0 for any non-zero
submodule N of M. Prove that



a) If My and M; are submodules of M such that M = M; + M, and Ny and N, are
large submodules of M; and M, respectively with Ny N Ny = 0, then Ny + N,

is large in M.

b) If a module M has no large proper submodules, then M is semisimple.



