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Algebra

All rings have a unit element and modules are unitary.

Let (G be an infinite group, e # « € ¢ and the conjugate class of x has finitely many

elements. Prove that G is not a simple group.

Let f(x) € F[z] be irreducible of prime degree p and F' C E with [E : F] < oo. If f
is not irredncible in FE[z], show that p|[£ : F]. (E and F are fields.)

Suppose R is a right Artinian ring whose set of right ideals is linearly ordered, i.e.,
if [; and [, are right ideals, then either Iy C I, or I, C [4.
It J denotes the Jacobson radical of R, then prove that:

i) R/J is a division ring.

ii) Every proper right ideal in R is of the form J" for some n € N.

It R is a semisimple ring, then prove that every left R-module M is semisimple.
Describe all semisimple rings having 144 elements. (A ring R is semisimple if as a

left R-module is semisimple).

Suppose A is a finitely generated abelian group. Determine which Z-modules can
be isomorphic to A ® @) as Z-module. Consider the homomorphism f: A — A® @
Z Z

such that f(a) = @« ® 1. Under which conditions is f a monomorphism?

Let R be a ring and ¢ is an idempotent element i.e., ¢ = e. Show that R =
Re ® R(1 —e). If a € R, prove that left R-module of Ra is projective iff there exists
an idempotent of R, say e, such that {x € R | za =0} = Re.



