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Analysis

�� Suppose that f � ��� 	� � R is continuous
 f ��x� exists and jf ��x�j � � for all

x � ��� 	�� If f��� � 	� f�	� � �	� show that f�x� � 	� �x for all x � ��� 	��

�� Find all uniformly continuous functions f � R� R for which the sequence of func�

tions fn � R� R de
ned by fn�x� � f�nx� is uniformly convergent on R�

�� Assume �X�S� �� is a measure space with ��X� � 	� For two real numbers � � p � q�

suppose f � Lp�X��� � Lq�X���� Show that kfkp � kfkq�

�� Let �X�S� �� be a measure space and ffng a sequence of integrable functions such

that fn � f point�wise on X� Suppose that for each � � �� a measurable set A� an

integrable function g � � and a natural number n� exist such that for all n � n��

Z
XnA
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�x � A jfn�x�j � g�x��

Show that f is integrable and we have

lim
n��

Z
X
jf � fnjd� � ��

�� Suppose H is an in
nite�dimensional separable hilbert space� Consider the space

L�H�H� of all continuous linear transformations of H to itself with the following

norm�

�U � L�H�H� � kUk � sup
kzk��

kU�z�k�

�i� Prove that there exists a norm�preserving linear map from the banach space

�� � fx � fxng j xn � R � kxk� � sup
n
jxnj � ��g

to L�H�H��

�ii� Deduce that the unit disk fU � L�H�H� j kUk � 	g is not separable�

�� Suppose X is a compact Hausdor� space and CC �X� the banach space of all contin�

uous complex�valued function on X with the following norm�

�f � CC �X� � kfk � sup
x�X

jf�x�j�

By a complex measure � on X� we mean a continuous linear functional on the banach

space CC �X��

Now let ffngn�� be a sequence of elements of CC �X� and fcngn�� a sequence of



complex numbers� Prove that for a complex measure � on X with �n � � � ��fn� �

cn to exist
 it is necessary and su�cient that a real number A � � exist such that

for all 
nite sequence of complex numbers f�kg��k�n� we have

j
nX

k��
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nX

k��

�kfkk�

�Hint� Hahn�Banach�s theorem��


