
�r�aD xtU�

h� QW �DavY x�oWv�O
���� Q swra �xOmWv�O

���� Q �QDmO �xQwO �OwQw uwtR�

������ �u�LDt� M� Q�D

R�r�v� �u�LDt� �w�wt

x��Q� ��yQ�U xm s�vm ZQi �hr� ��

x��� � x��� � x��� � � � �

x��� � x��� � x��� � � � �

� � � � � � � � � � � � � � �

O�Oa� R� � � � w �n� �n� �OwaY xr��vO l� x�ov� �OvW�� �k�kL O�Oa� R� Q�Ov�Qm ��yxr��vO

�OW�� OwHwt lim
k
xi�nk i � 	�
� � � � xm OQ�O OwHw �a���

OwHw N w M l� �va�� Q�Ov�Qm CN�wvm� Qw�x� �rwRv�v ���wD R� ��xr��vO � � � w �F� �F� s� Q�o �


�OvW�� R �wQ xDUw�B CU�Q R� �M � Fn�x� � N x� n Qy ��Q� xm�Qw�x� OQ�O

xm CU� OwHwt u�vJ fFnkg xr��vOQ� R w F xDUw�B CU�Q R� Q�Ov�Qm �rwRv�v ���D l� O�vm C��F

Fnk�x� �� F �x�

�OW�� xDUw�B F u� QO xm x � R Qy ��Q�

fngn �� fg O�vm C��F �L��R� QO gn �� g w L��R� w L��R� QO fn �� f s�vm ZQi ��

� lim
n��

kgnfn � gfk� � � w fngn w fg � L��R� ��va� �L��R� QO

E � ���	� �Hv�� QO �CU� Q�PB�vxR�Ov� xawtHtQ� Rl�pt�WE x�ov� �m��E� � � Qo � xm O�yO u�Wv ��

�CU� n�r �HQ�N xR�Ov� m� w

��yxR�Ov� �OvW�� Q�PBxR�Ov�C�Ft ���D wO f� fn s�vm ZQi �CU� xOW xO�O �X�F � �� xR�Ov� ���i ��



CQwYx� �Q �� �n
�n�A� �

R
A fnd�

w

��A� �
R
A fd�

n � 	�
� � � �

�wQ fn �� f s� Q�o �n�X� � ��X� �� n � 	�
� � � � s�vm�t ZQi �s�vm�t h� QaD

x�ov� �� QiY �xR�Ov� �� �xawtHt l�

sup
A�F

j��A�� �n�A�j �
Z
X
jf � fnjd� �hr�

R
X jf � fnjd� �� � �


�ki w Qo � a � �Y O�vm C��F �a � X w OW�� X ���iQ� R l� Y w M�v�� ���i l� X s�vm ZQi ��

�f�a� � � s�W�� xDW�O Y �wQ f � � xm X �wQ Q�Ov�Qm ��N la��D Qy ��Q� Qo �

����	� p�Q� ��yxawtHtQ� R �wQ xR�Ov� wO � w � s�vm ZQi ��

����	� � ����	� � 	

Qo � CU� xDUw�B jr�t Qw�x� R�v � x� C�Uv � w xDUw�B jr�t Qw�x� � x� C�Uv � O�vm C��F �OW��

�OW�� OwHwt Q� R X�wN �� ����	� �wQ f�x� Ovv�t �Q�PBxR�Ov� p�Q� ���D Qo � �ki w

f�x� � � s�W�� xDW�O � QiY �xR�Ov� �� xawtHt l� �wQ RHx� �hr�
Z
f�x�d� � 	 �


s�W�� xDW�O E Ovv�t ���	� p�Q� xawtHtQ� R Qy ��Q� �G

��E� �
Z
E
f�x���



Analysis

�� a� Suppose that each row of the array

x��� � x��� � x��� � � � �

x��� � x��� � x��� � � � �

� � � � � � � � � � � � � � �

is a bounded sequence of real numbers� Then there exists an increasing

sequence n�� n�� � � � of integers such that the limit lim
k
xi�nk exists for i �

�� 	� � � �

b� Suppose that F�� F�� � � � is a sequence of nondecreasing
 right continuous

functions on R�

Let fFng be uniformly bounded i�e� there are real numbersM and N such

that for all x and n

M � Fn�x� � N�

fFnkg Prove that there exists a subsequence and a nondecreasing
 right

continuous function F such that lim
r
Fnk�x� � F �x� at continuity points x

of F �

�� fn �� f in L�Supposethat�R� and L��R�� Let gn �� g in L��R�� Prove that

fngn �� fg in L��R�� i�e� lim
n��

kgnfn � gfk� � �
 fngn and fg � L��R��

�� Let E � ��� ��� Show that if m��E� � �
 then there is a non�measureable subset

of E�

�� Let �X�F � �� be a measure space� Suppose that fn� f are positive measurable

functions� De
ne measure �n� � as follows

�n�A� �
R
A fnd�

��A� �
R
A fd�

n � �� 	� � � �

�n�X� � ��X� � � n � �� 	� � � � If and if fn �� f on a set of ��measure �


then



a� sup
A�F

j��A�� �n�A�j �
Z
X
jf � fnjd�

b�
R
X jf � fnjd� �� �

�� Suppose that X is a Banach space and Y is a subspace of X and a � X� Then

a � �Y if and only if f�a� � � for every bounded linear functional on X such

that f � � on Y �

�� Suppose that � and � are two measure on Borel ��
eld of ��� �� such that

���� �� � ���� �� � ��

Prove that � is absolutely continuous with respect to � and � is absolutely

continuous with respect to �
 if and only if there is a Borel measurable f�x� on

��� �� such that

a� f�x� � � except on a set of ��measure ��

b�
Z
f�x�d� � �

c� For every Borel set E of ��� �� we have

��E� �
Z
E
f�x����


