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1) Answer just one of the parts (a) or (b) in this question.

(a) Let f € CY0,00), [5°|f(z)|dz < oo and [;°|f'(x)|dx < oo. Prove that
lim f(x) =0

(b) Let us recall that a function f : [a,b] — R is called lower semi-continuous if for
each © € [a, b], we have f(x) <lim f(¢). Show that if f is bounded below, then
t—x

f takes its minimum on [a, b].
2) Answer just one of the parts (a) or (b) in this question.

a) Let (X, 5, 1) be a measure space such that pu(X) = 1. Let f be a measurable
function such that ||f]s =1 and 0 < @ < |[f]]1. Show that for each 0 < X <1,

(=N <pfee X |f()] > A}
b) Let f : R — R be a Lebesgue integrable function. Show that there exists a
Borel measurable function ¢ : R — R such that f = ¢ almost everywhere.

3) Let (X, 5, 1) be a measure space. Let f and ¢ be positive measurable functions on

Xandlet 0 <t <r<m< oo.

(a) Prove that
(/ fg'du)mt < (/ fgtdﬂ)m_T(/ fgmdu)

provided that the right side is finite.



(b) Show that for m > 1 one has
([ fodiy™ < ([ fapy ([ fomd)

4) Let {f.} be a sequence of non-negative integrable functions on a measurable set E.
Let f be integrable on £ and f,, — f a.e. Also assume lim [, f, = [ f. Show then

that for every measurable subset A of £ one has lim [, f, = [, f.

5) Prove that for any a > 0 we have

o0

1
lim n“/ (1- x)”:z;“_ld:zj :/ e T tdx
0

n—oo 0

6) Let S be a subspace of L?[0,1] and let K be a constant such that for every z € [0, 1]
and every f € S one has |f(z)] < K| f]|2. Show that the dimension of S is less than

or equal to K2



