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Analysis

�� Let

S � ff � C��
� �� � f�
� � f��� � 
g�

Show that for all f � S we have

kfk� � �kf �k�

where k k� is the norm in L��
� �� and C��
� �� denotes the space of continuously

di
erentiable functions on �
� ���

�� Let � � q � p be real numbers and let E be a Lebesgue measurable subset of R

with m�E� � � �m is the Lebesuge measure�� Let fn be a sequence of measurable

functions on E such that fn � f a�e� and for some M � 
� kfnkp � M � Show that

fn � f in Lq�E��

�� Let �X�F � �� be a measure space� if f 
 
 is measurable and if the relationR
fpd� �� holds for some 
 � p � �� then show
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in which a � b � min�a� b��

�� Let ���F � �� be a measure space such that ���� � �� Two real�valued functions X

and Y on � are taken indentical if they are equal a�e� For two measurable functions

f and g on � de�ne
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Z
X

jf � gj

� 	 jf � gj
d��

a� Show that d is a metric on the measurable functions�

b� Show that for a sequence �fn� of measurable functions the relation d�fn� f�� 


holds if and only if fn � f in measure that is for every � � 
�

�f� � � � jfn���� f���j � �g � 


when n���

c� Show that the space of measurable functions is complete with the metric d�



�� let X be a Banach space and let X� denote the space of continuous linear func�

tionals on X� We know that X� is a Banach space under the norm de�ned by� for

x� � X��

kx�k � supfjx��x�j � x � X� kxk � �g�

Let � be a positive measure on a set � and let � � p � �� Further assume that

f � �� X is a function such that for all x� � X�� x� � f � Lp���� Show that
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�� Let Cc�R� be the space of all continuous functions on R each of which vanishing

outside of an interval �a� b�� One can show that Cc�R� is dense in L��R�� One can

also show that for every measurable function f on R� the functions �x� y� ��� f�x	y�

and �x� y� ��� f�x� y� are measurable on R� �Do not prove these here���

a� For f � L��R� �rst show that for every a � R the function Laf de�ned by

�Laf��x� � f�a 	 x� satis�es kLafk � kfk� then show that the map
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b� For f� g � L��R�� �rst explain why for almost all x� the function

y ��� f�x � y�g�y� is integrable� Then de�ne the function f 	 g on R by
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�for those x where the integral does not exist� de�ne �f 	 g��x� to be zero��

Explain why this function is measurable and prove that it belongs to L��R��
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