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Analysis

1) Let
S={feC 0.1 f(0) = f(1) = 0).

Show that for all f € S we have

1Al < 2[1712

where || ||z is the norm in L?[0, 1] and C*[0,1] denotes the space of continuously

differentiable functions on [0, 1].

2) Let 1 < ¢ < p be real numbers and let £ be a Lebesgue measurable subset of R
with m(F) < oo (m is the Lebesuge measure). Let f, be a sequence of measurable
functions on F such that f, — f a.e. and for some M > 0, ||f.|l, < M. Show that
fo— fin LI(E).

3) Let (X,F,u) be a measure space. if f > 0 is measurable and if the relation
J fPdp < oo holds for some 0 < p < 2, then show

/0°° [/X(y2 A P (x))dp(x)| py?~>dy

2
= — P(x)d :
5 [ i)
in which a A b = min(a, b).

4) Let (Q,F, 1) be a measure space such that u(2) = 1. Two real-valued functions X
and Y on () are taken indentical if they are equal a.e. For two measurable functions

f and ¢ on  define

_ |f =gl
d(f,g) —/deﬂ-

a) Show that d is a metric on the measurable functions.

b) Show that for a sequence (f,,) of measurable functions the relation d(f,, f) — 0

holds if and only if f, — f in measure that is for every ¢ > 0,

plo e |fulw) = flw)] > ¢} =0

when n — oo.

c¢) Show that the space of measurable functions is complete with the metric d.



5)

6)

let X be a Banach space and let X* denote the space of continuous linear func-
tionals on X. We know that X* is a Banach space under the norm defined by: for
e X7,

[27]] = sup{[z"(2)] : =€ X, [l«]| <1}.

Let p be a positive measure on a set {2 and let 1 < p < oo. Further assume that

f:Q — X is a function such that for all 2* € X*, «*o f € L?(u). Show that

sup |2" o f|Pdu < oo
llz*||<1 /€

Let C.(R) be the space of all continuous functions on R each of which vanishing
outside of an interval [a,b]. One can show that C.(R) is dense in L'(R). One can
also show that for every measurable function f on R, the functions (x,y) — f(z+y)

and (z,y) — f(z — y) are measurable on R? (Do not prove these here!).

a) For f € L'(R) first show that for every a € R the function L,f defined by
(Lo f)(x) = f(a + x) satisfies | Lo f|| = || f||; then show that the map

{ R — L'(R)

is continuous.

ar— L,f

b) For f,¢g € L*R), first explain why for almost all x, the function
y — f(x —y)g(y) is integrable. Then define the function f * g on R by

(Fg)e) = [ F(e = y)gly)dy

(for those @ where the integral does not exist, define (f * g)(x) to be zero).

Explain why this function is measurable and prove that it belongs to L'(R).

¢) Define ¢,, = %X[_%,%] where y is the characteristic function. Show that for every
f € LY(R) we have
lim |l¢+ f = f][ =0



