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(10 points) 1.

(12 points) 2.

a)

Combinatorics

Let D, be the number of distinct triangulations of a convex n—gon. Find D_.
(A triangulation consists of n — 3 diagonals which do not meet inside the n—gon

and, therefore, divide the n—gon into n — 2 triangles.)

Prove that any bipartite graph GG with L edges has a matching of size at least

ﬁ (i.e. the matching has at least ﬁ edges in which A(G) is the maximum

degree of G.).

State necessary and sufficient conditions for the existence of a Steiner Triple

System of order v, STS(v).

Explain one of the following methods of construction for new Steiner Triple

Systems from a given STS(v).
STS(v) — STS(3v),
STS(v) — STS(2v 4+ 1).

Show that, even with a given finite number of Steiner Triple Systems, it is
not possible to construct all Steiner Triple Systems by the two aforementioned

methods.

(10 points) 3. Let A be a square (0, 1)-matrix of order n. The term rank of A, TR(A), is defined

(8 points) 4.

)

to be the maximum number of 1’s such that no two of them are in the same row or

the same column of A. Prove that

TR(A) > Rank(A),

where Rank(A) is the ordinary rank of A.
Does the reverse inequality also hold? (Why?)

A 2—(41—1,2l — 1,1 — 1) design is called a Hadamard design. (i.e. a BIBD with
parameters v =4l — 1, k=2[—-1, A=1-1).

Show that any Hadamard design is a symmetric design.

b) Let B={B,,B,,...,B,} be the set of blocks of a Hadamard design. Consider

the set of all possible symmetric differences of B,’s, i.e.
B'={B,AB, | B,,B, € B}.

Does this family of new subsets also form a BIBD? (Why?) If your answer is

YES then compute the corresponding parameters.



(12 points) 5.

(8 points) 6.

Let {1,2,...,8} be the vertex set of the complete graph K,. Introduce two noni-
somorphic proper edge-colourings for K, (with 7 colours). (Two proper colourings

is called isomorphic if one of them is obtained by a permutation of colours on the

other.)

Does there exist a 3-regular planar graph on 18 vertices whose girth is 5. (The girth
of a graph is the size of its shortest cycle.)



