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Differential Equations

Let u(z,t) be a ¢? solution of the wave equation
Utp — gy = ¢(2,1) —o00 <z <00, >0

For a point (zq,%0),%0 > 0, let Dy, 1,y be the triangular domain defined by the x-axis
and the lines x &+ ¢t = z9 £ ¢t. Prove that

a)

/ —cuydt — updzr = // d(a,t)dx dt
9D (g 1) D

(=0,%0)
b) Using the formula in (a), prove that if £ > 0,

u(z,t) = Lu(x+ct,0) + u(z — ct,0)]
P T s, 0)ds + & | B(s,7)ds dr

Give a necessary and sufficient condition in terms of the constants coefficients A, B, ... | F,

for asymtotic stability of the system

i=Ai+ By+ Cz+ Dy
y=FEky+Fy

Calculate the Fourier Series of the function f(z) =, |¢| < 7, f(xz +27) = f(x). By

O
using this Fourier Series evalute > n%
n=1

Let h(z) be continuous on R. Let M be the sapce of continous functions on [0, L],

in the uniform norm. Let K be the mapping from M to M given by

(KD)a) = [ h(u)f(u)du+a

a) Show that K is a contraction mapping if L is small.

b) Show that the problem

Y hwta) . ul0)=a

has a unique solution on [0, L] for L small enough.

5) Let P(x) be an odd polynomial function of x with positive coefficients. Prove that

the equation

i+ P(z)=0

has infintely many periodic solutions.



6) Let ¢1(t) and ¢2(?) be two independent solutions of the linear equation
Vot b0y =0 . a(t).bit) € C(R)

a) Show that |¢1(¢)| 4 |¢2(t)| # 0 for all t € R.

b) Let t1 < ty and ¢1(t1) = é1(f2) = 0. Prove that there is 1 < t3 < ty with
¢a(t3) = 0.



