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Geometry

Let X and Y be metric spaces and f : X — Y. Define the subset L(f) of ¥ to
be set of y € Y for which there exists a sequence (x,) in X with no convergent
subsequence and f(x,) — y as n — +oo. If f is one-one and continuous, show that

f is a homeomorphism onto f(X) (with induced topology from Y') if and only if
FX)NL(f)=0.

We consider a smooth Riemannian metric (first fundamental form) on R* —{(0,0)}
for which the Gaussian curvature is everywhere non-zero. Show that any two closed

geodesies which have (0,0) in their interiors must intersect.

let M and N be smooth manifolds and f: M — N a smooth map. Suppose K is a
compact subset of M such that the restriction of f to A is one-one and each T, f,
for # € K, is also one-one. Show that there is an open neighborhood U of K so that

the restriction of f to U is one-one.

X is a smooth vectorfield and o a smooth one-form on R? such that Lya = 0 and
a(X) is everywhere non-zero. Show that there exists a smooth function f: R?* — R

so that ﬁ = df.

M is a smooth m-manifold and Xi,...,X,, smooth vectorfields on M which are

everywhere linearly-independent and [X;, X;] = 0 for all 7,j. Show that for every

p € M, there exists a chart (U,¢) around p with £{(p) = 0 and £&.X; = ai,. (Here

8871, cee % are the standard unit vectorfields on R™).

Let S be the unit circle 2 + y? = 1, j : S — R? the inclusion map, and ¢ =
J*(xdy — ydx). Show that each of the maps f and ¢ defined below map S to itself
(easy), and compute the intergrals [y f*o and [ g% 0.
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