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Geometry

�� Precisely de�ne CP�� the one�dimensional complex projective space	 and show that

it is homeomorphic to the unit 
�dimensional sphere in R�� If a� b� c� d are complex

numbers and ad� bc �� �� explain that in what sense	 the map z �� az�b

cz�d
induces a

self�homeomorphism of the 
�sphere�

�� Consider the circle of radius b in the xy�plane centered at �a� ��� b � a� and rotate it

in the space around the y�axis to develope a torus T�Determine the lines of curvature

of this torus� Show that T lacks umbilical points�

�� Assume M is a smooth manifold and X a vector �eld on it� We call a function

� �� f � C��M� an eigen�function of X if there is a real number � such that

LXf � �f� Such an � is called an eigen�value of X�

Prove that if M is compact	 then all eigenvalues of any vector �eld X are zero�

�� Suppose M is a smooth manifold and X a vector �eld on it such that �X�Y � � � for

all vector �elds Y on M� Prove that X � ��

�� Let � be a 
�form on S�� If � is invariant under the action of all the elements of

SO��� on S�	 show that � � ��

�� Let f � Sn � Tn be a smooth map and n � 
� Show that for any n�form � on Tn

we have
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�Tn is the n�dimensional torus S� � � � � � S���


