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Geometry

�� De�ne the curve � � R�� R
� by�

��t� � �a cos t� a sin t� bt�

where a �� � and b are given real numbers	 Compute the curvature and torsion

of this curve	 Describe all smooth curves � � R�� R
� with constant curvature

and torsion	

�� An invertible linear map f � R� �� R
� is given	 By fn we denote the n
fold

composition f � � � � � f �for n � �� f� �identity� and for negative n� we use f��

instead of f�	 We de�ne an equivalence relation � on U � R�� f��� ��g by�

x � y if and only if 
 integer n with fn�x� � y�

We denote the set of equivalence classes by X and endow X with the quotient

topology	

a� Is the quotient map q � U �� X open� �q assigns to each element of U �

its equivalence class	�

b� Give reasonable condition�
s� on f to make X Hausdor
	

c� Give reasonable condition�
s� on f to make X compact	

�� We denote the unit n
sphere by Sn	 Show that Sn�R is parallelizable �i	e	� its

tangent bundle is isomorphic� as a vector bundle� to the product �Sn � R��

R
n���	

�� Let M be a smooth �in�nitely di
erentiable� manifold and denote by F
M

the

vector space of smooth functions from M to R	 An R
linear map � � F
M
� F

M

is a derivation if it satis�es�

� f� g 	 F
M
� ��f� g� � ��f� � g � f � ��g�

a� Show that ���f���x� depends only on the values of f in an arbitrarily small

neighborhood of x	



b� Let � be a given derivation for M and suppose N is an open submanifold

of M 	 Show that there is a unique derivation �� for N with the property

that if f 	 F
M
� then�

���f j
N
� � ��f�j

N

�� Let P be a hyperplane in Rn �i	e	� an a�ne subspace of dimension �n����	 We

denote by Pj the coordinate hyperplane obtained by deleting xj	 We endow P

and Pj with the volume elements induced from the standard Riemannian metric

on Rn	 Let M be an �n� ��
dimensional compact submanifold with boundary

in P and denote its orthogonal projection on Pj by Mj 	 If V and Vj denote�

respectively� the �n� ��
dimensional volumes of M and Mj� show that�

V � � V �

�
� � � �� V �

n

�� We de�ne vector�elds A and B on R� by�
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a� Is there a smooth change of coordinate h � R� �� R
� so that A � h�

�
�

�x

�

and B � h
�

�
�

�y

�
�

b� Is there a surface �two dimensional submanifold� of R� tangent to both A

and B�


