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Geometry

Show that the continuous image of a compact locally connected topological space is
locally-connected. Recall: A space X is locally-connected if for every « € X and
any neighborhood U of x, there exists a (not necessarily open) neighborhood V' of

x, V C U, which is connected.

Determine all the geodesics on the surface of a sphere in R? (with the induced metric

from R?).

Consider the one-form o = Z 2;dx,y; on R*. Show that
=1

da A+ Ndao

n times
is a volume element for R?*". If we replace R*" by a compact oriented 2n-manifold

M, is it possible that for a one-form o on M, da A --- A da (n times) is a volume

element for M?

Let M be a smooth, compact, orientable manifold with boundary dM, and let
f M — OM be smooth. Show that the restriction of f to dM cannot be a

diffeomorphism.

Let S be a smooth, compact, orientable two-manifold without boundary and X a
smooth tangent vector field on S. If f possesses a non-constant closed integral curve,

show that the divergence of X vanishes somewhere on S.

Let U C R™ be non-empty open and f : U — R" satisfy be following:



a) f is proper, i.e., the inverse image under f of any compact set, is compact.

b) Outside some compact subset of U, det(df,) is not identically zero and does not

change sign.

Show that f is surjective (onto).



