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Geometry - Topology

Answer siz questions from the following ten. Write the number of

questions chosen on the cover of answer book; otherwise only the first six

answers will be graded.

1)

2)

3)

4)

5)

6)

Let (X, d) be a metric space and A be a (non-empty) subset of X. Let f: A - R

be a function such that

IM >0, |f(z) - fly)] < M.d(z,y)

for all ,y € A. Show that there is a function ¢ : X — R such that the restriction
of g on Ais f, and

lg(z) — g(y)| < M.d(z,y)

for all z,y € X.
Show there is no compact minimal surface in R?.

Let A\, denote the standard n-simplex in R"!, i.e.

n

Ay = {(l’o,l’l,... ,$n)|2$2 =1, 2 ZO}

=0

Compute the fundamental group (with arbitrary base point) of the 1-skeleton of A,,.

Let M be a smooth manifold (without boundary and connected), let ~ be an equiv-
alence relation an M such that M’ := M/ ~ is a smooth manifold and the canonical
projection 7 : M — M’ is a submersion. Show that for any smooth vector field X’

on M’, there exists a smooth vector field X on M such that

TroX=Xonr

Denote the complement of
{(0,0,2)]z € R}U {(w,y,0)[2" +y* = 1}
in R? by M. Find the homology groups of M.

Let M be a smooth (without boundary and connected) manifold with dimension n
such that there exist n (smooth) vector fields Xi,..., X, on M which are linearly
independent (on M). Let ¢ : M — M be a smooth diffeomorphism such that
9. Xy = X, for 1 < k < n. Show that if ¢ has a fixed point, then ¢ is the identity

map.



7)

8)

9)

10)

n chords are drawn in the closed unit disk in such a way that no two intersect on
the boundary of the disk and no three chords are concurrent within the disk. If m
is the number of intersections of the chords inside the disk, compute the number of

regions into which the chords divide the disk in terms of m and n.

Let X and Y be smooth vectorfields on R™ such that the divergence of each, relative
to the standard volume element in R", is a constant function. If S is sphere of a

arbitrary radius and center in R™, show that [X, Y] is tangent to S at some point of

S.

Let K be a finite simplicial complex and let |K| denote the associated topological
space. Suppose that f : |K| — |K| be a homeomorphism and ¢ : |K| — |K]| is
a continuous map which is homotopic to a constant map. Show that there exists

x € |K| such that f(x) = g(x).

Let T' be a finite group of diffeomorphisms of smooth (without boundary and con-
nected) manifold X. Moreover, let Y = X/I' be a smooth manifold such that the
canonical projection mapping 7 : X — Y defines a covering space. Show that the
induced mappings H*(r) : H*(Y) — H*(X), on de Rham cohomology spaces, are

injective.



