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Numerical Analysis

1) Consider a machine real number system, with machine epsilon denoted by ¢,
and let ¢;, for ¢ = 1 to N, be N positive machine real numbers. Consider

summing them by the “algorithm”,

S = €1,
fort =2to N
§ =8+ ¢

Let sy denote their exact sum, and let 55 denote their sum using machine

addition, assuming no exponent overflow.

a) Show that Sy can be expressed as
N .
v =3 ¢i(1+a;)V T for Ja;] < e
7=1

(actually, the first term can be reduced to ¢;(1 + a;1)™ =1, but this is not

necessary. )
b) Show that
N
Z S+ (V+1—5)b;)
for |b;] < 1.06¢, if Ne < .1

c¢) Show that, (if Ne < .1)

e

lsy — Sn|/sn < [Zc] (N+1-3)) /(ch)]l.()(ie

=1 =1

d) Justify the claim that adding N positive numbers by this simple algorithm

is a stable numerical process.

e) Use the estimate of (¢) to justify the claim that ordering the numbers in
increasing order of size minimizes the round off error, compared to any

other ordering.



2) Prove that the error for the integration formula,

b _b—ua 2a + b a+2b
[ Py = =2 (a) + 3 (F52) 4 37 (52 + ()

in of order (b — a)°. In other words, if we designate the right hand side by

I(f;a,b), there exists a constant ¢ dependent on f so that

[ Fde = 170 b)] < el 0y’
(We assume that f has continuous fourth derivative on the interval (a,b).)

3) For the function f(x) = |z| on the interval [—1,1] and the points xy = —1,

x5 = 1, compute a second degree polynomial of best

1
1’3:0,1'4:5,

1 = —

fit (in determining the best fit, use the Chebychev’s norm || f|| = sup |f(2)]).
z€[—1,1]

4) Fitting a natural cubic spline, S(z), for the date given below is considered:

-1 0 2 3
101 f

fi

where f; is to be determined. Consider the definition given below for S(x):

2

So(z) = Z(3 + ) —1<2<0
S(z) =1 Si(z) =23 —x) 0<a<?2
So(x) = ax® + ba* + cx +d 2<x<3

a) Show that Sy and S; are appropriate pieces of S(x) for the given data in

the intervals considered above.

b) Complete the definition of S(z) for the above given data and obtain relation

for computing a, b, ¢, d and f4 (you do not need to solve for the parameters).

5) Prove that the Newton’s method, in solving the following problem, starting
with any arbitrary initial point will converge to the global solution in exactly

one iteration:

min ll’TAl' +algrd
(2 g )’

zER™

where b,g € R*, A € R"*", a positive definite matrix, are all given.



6) Consider the following formula:

Sz +h)=2f(x) + f(x = h)

Do(h) = 2

a) Show that Dg(h) is an estimate of f”(x) (the second derivative of f at x)

having a truncation error of order h?.

b) Using Do(%h) and Dy(h), find another formula (call it Dq(h)) which is a
better estimate for f”(x) (has a better truncation error).

c) Extend the process in (b) using Di_l(%h) and D;_1(h)(i = 2,3,...) to
obtain a better estimate for f”(x) (having a truncation error better than

the one for D;_1(h)). Show the order of the truncation error in terms of h.



