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Number Theory

Let K be a field of characteristic p and let @ € K be an element which is not p-th
power of any element of K. For any n > 1, show that the polynomial 2" — «a is

irreducible over K.

Let E/F be an extension of fields, with £ = F(«a), and a™ € F (with n the smallest
integer such that o € F').

a) If E/F is seperable, show that the characteristic of F' does not divide n.

b) If every root of unity in £, belongs to F', show that [F : F| = n.
Compute (ZZ)) in terms of p. ((%) is the Legendre symbol.)

Let D be the ring of integers of the quadratic field Q(1/—3).
a) Find a basis for D over Z.

b) Factorize the ideals 5D and 7D into prime ideals.
Compute the class number of the quadratic field Q(v/6).

Let a, b be integers greater than 1 with @ odd, such that ¢ = ¢® — 1 is squarefree.

Show that the ideal class group of the field Q(1/—c¢) contains an elements of order b.



