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For the �rst three problems
 consider

min z � cTx

s�t� Ax � b

x � ��

�P �

where A�m� n� and x� n� ��

�� Show that cycling can never occur even in the presence of degeneracy provided that

a unique minimum is obtained
 for every k
 in the computation
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where y� � B��b� yk � B��ak
 xk is the entering variable
 and B
 m � m
 is the

corresponding feasible basis of the kth simplex tableau for the problem �P��

�� Suppose x is an optimal solution to the problem �P�� Further suppose that

xj � �� j � �� 
� � � � � p
 and xj � �� j � p � �� � � � � n�

a� Show that the system

Ad � �

cTd � �

dp��� � � � � dn � �

has no solution d in En�

b� Use Farkas� Lemma �state the Lemma �rst� to derive the alternative system

�named KKT conditions� that does have a solution�

c� Show directly that any solution to the KKT conditions is optimal for the prob�

lem �P��

�� Suppose that for the problem �P� we have m � n� c � b
 and A � AT � Show that if

there exists an x� such that Ax� � b
 x� � �
 then x� is an optimal solution for �P��

�� Consider the following primal problem�

Minimize z � cTx

s�t� Ax � b

x � X�



where X is a polyhedral set� Associated with this primal problem
 de�ne the follow�

ing Lagrangian dual problem�

Maximize f�w�

s�t� w � ��

where f�w� � wT b�Minimum
x�X

�cT � wTA�x�

a� Show that if x� is feasible to the primal problem
 and w� is feasible to the

Lagrangian dual problem
 then cTx� � f�w���

b� Suppose that X is nonempty and bounded and that the primal problem pos�

sesses a �nite optimal solution� Show that

Minimum cTx � Maximum f�w��

Ax � b w � �

x � X

�� De�nition� Let S � fx � Ax � b� x � �g �� �
 where A is an m � n matrix of rank

m� A nonzero vector d is said to be a direction of S if x � �d � S for each x � S

and each � � �� Two directions d� and d� of S are called distinct if d� �� �d� for any

� � �� A direction d of S is called an extreme direction if it can not be written as

a positive linear combination of two distinct directions
 that is
 if d � ��d� � ��d�


for �� � �
 �� � �
 then d� � �d� for some � � ��

Prove the followings�

a� d �� � is a direction of S if and only if

Ad � �

d � ��

b� A vector 	d is an extreme direction of S if and only if A can be decomposed

into �B N � such that B��aj � � for some column aj of N 
 and 	d is a positive

multiple of d �
�
�B��aj

ej

�

 where ej is an �n�m��vector of zeros except for a �

in position j�

c� The number of extreme directions of S is �nite�

�� Let S be a nonempty open convex set in En and let f � S � E� be di�erentiable on

S� Prove that f is convex if and only if
 for each x�� x� � S
 we have

f�f�x����f�x��g
T �x� � x�� � ��


