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Operations Research

1) Consider problems (P) and (D) as given below (A, m x n, x,¢, n x 1, b,y,m x 1):

min z=clx

Ar =5 (P)
x>0

max u = bly

ATy < ¢ (D)

Using only the linear algebra principles and results you obtain below, answer the

followings:

a) Prove that if (P) and (D) are both feasible then both problems have optimal

solutions with the same objective value.

b) Prove that if (D) is infeasible then (P) is either infeasible or infinite (and vice

versa).
c¢) Stating proper problems as (P) and (D) and using the associated results show
that exactly one of the following systems has a sdution.
System 1: Az <0, ¢f'z > 0.
System 2: ATy =¢, y > 0.
d) Let @ and y be feasible for (P) and (D) respectively. Prove that # and y are

optimal solutions for (P) and (D) respectively if and only if we have:

e) Using the result in (c), prove that exactly one of the following systems has a

solution:
System 3: Az >0, 2 >0, ¢’z > 0.

System 4: ATy > ¢, y <0.
2) Let A be m x n and ¢ be m x 1.

a) Show that exactly one of the following two systems has a solution.
System 1: Ax = ¢
System 2: ATy =0, Ty = 1.
b) Show that the following two systems have solutions & and y so that AT +7 > 0:
System 3: Ax > 0.
System 4: ATy =0, y > 0.

3) Suppose that S is a convex set in K™, A is m x n and « is a scalar. Show that the

following two sets are convex:



a) AS={y:y= Ax,x € 5}.
b) aS ={ax:x € S}.
Let f: S — E'. Show that

c) [ is convex if and only if for every k > 2, we have:
3 3
v 1k €5 = f(]Na) YA f(25),
7=1 7=1
where Zle)\j =1,A2>0,5=1,... k.

4) Consider the following problem:

min f(x)
weH »)
st gi(x) <0 ,e=1,...,m.
Assume T is a feasible point of (P) and let I = {i : ¢;(%) = 0}. Suppose that f
is differentiable at T and g¢; for every ¢ € [ is differentiable and concave at 7. In

addition, supposse that g; for every ¢ € [ is continuous at z. Consider the following

problem:
min 2 = f(T)Td
st ve@Td<o , el

—1<d; <1, j=1,...,n

Let d be an optimal solution with the objective value z. Show:
a) z <0.

b) If z < 0 then these exists 6 > 0 such that 7+ \d is feasible and f(:i'—l—)\ci) < f(@)
for every A\, A € (0,0).

c) If z =0 then z is a Karush-Kuhn-Tucker (KKT) point for the problem (P).

5) Consider the following problem:

min {—cfz + bTu}

s.t. Az <b (1)
—ATu < - (2) (P)

u>0 (3)

x>0 (4)

We say that (P) is feasible in u if u satisfies (2) and (3). Also (P) is feasible in x if
x satisfies (1) and (4). We say that (P) is feasible if (P) is feasible in both u and .

Answer the followings with proper justifications:



)
b)

‘)

d)

Is it possible that (P) be infeasible in both u and 7
Is it possible that (P) be infinite?

If (P) is infeasible in u but feasible in x, show that feasible a exists such that

c’'z is arbitrarily large.

Show that if (P) is feasible then (P) has an optimal solution.

6) Assume we have an optimal basic feasible solution with the corresponding basis B

for the following problem:

min z=clz

st. Ax =05
x>0

Answer each part below separately giving the details of your justifications:

a)

Change b to b+ b. Under what conditions on ?), the optimal tableau is not
changed (in this case, specify the optimal solution and the optimal objective
value)? If the tableau is changed, what method is apprpriate for determining

the optimal tableau?

Change ¢ to ¢ + ¢. Under what conditions on ¢, the optimal tableau is not
changed (in this case, specify the optimal solution and the optimal objective
value)? If the tableau is changed, what method is appropriate for determing

the optimal tableau?

Change the jth column of A, a; to a; + a;. Under what condition on a;, the

optimal tableau is not changed?

Add the constraint dx = by, where d is a giben vector, to the constraints of the
problem. For various values of by, specify how to determine the optimal basic

feasible solution of the new problem.



