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Operations Research

1) Consider the dual pair of linear programs

Min z=clz Max V =b'w
st. Az <b (P) st. ATw<e (D)
x>0 w <0

where A is an m X n matrix.

a) Prove that if z is feasible to (P) and w is feasible to (D), then bTw < ¢z,

b) State complementary slackness theorem for the pair of problems, (P) and
(D).

c¢) prove the theorem you stated in part (b).

2) Assume that % is an optimal point for the problem

min 2z = cla

T
st. Az <b
x> 0.

Determine a maximal interval [y1,v2] so that for all ¢; € [y1, 2], the point z°
will remain optimal.

(the index k is known).



3) Consider the following definitions:

Definition 1: For the linear system, in which A is m x n,

Az =b
(1)

x>0

we say that system has superfluous equations if there exists v € K™, v # 0 so

that
vTA=0

vIh=0
Definition 2: For the linear system

Az =b
(1)

x>0

we say that x; is a null variable if for every feasible solution of (I) we have
x; = 0.
Let

S={x]| Az =b, + >0}

Answer the following parts:

a) Assume S is nonempty. Prove that x; is a null variable for the system (I)

if and only if there exists v € R™, v # 0, so that
vTA>0
b =0
and the i-th the component of v A is positive (vTa; > 0).
b) For the system (I), what is the implications of the existence of v so that
vIA=0
vTh #£ 07

Prove you answer.



4) Suppose Aism xn, b€ E™ and b > 0.
Prove:

(Az <b= "2 <0)

if and only if

(CT = AT A for some \ > 0)

5) Suppose {z',z2, ..., 2™} is a finite set of elements 2 € E™ and let X be the

convex hull of this set.

m

a) Show that nonnegative real numbers A', A\*, ... A" exist so that

Z)\izl and Z)\ii:f(.
=1 =1

b) Using the result in (a), show that one can choose A'’s in a way that at
most (n + 1) of them are nonzero. (You can use any results from linear

programming provided that you state them clearly.)



