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1) Let 2° be a feasible point for the problem (LP) below:

min 2z =clx
zER™
Axr=1b (LP)
0<z<u

where ¢ € R*, A, m xn, b€ R™, u € R" are all given.
Prove that 2° is an optimal solution for the problem (LP) if and only if there exists

w such that
:1;?>0:>wTachj J=1....n

:1;?<uj:>wTaj§cj J=1,...,n
2) Solve the linear programming problem given below:

maximize 2x1 +4dxy +xs  +ag
s.t. 21 + 32, +ay4
221 + 29

ry +4xs +ay <3

446
a) Specify the values of 6 (if exists) so that for b = | 34+ 6 | the optimal basis
3496

in (a) does not change. For such values of ¢, what is the optimal value of the
objective function? If ¢ is so that the optimal basis is changed, then, using the
optimal tableau in (a), what method do you choose to solve the problem and

why?
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c¢) Specify the values of 6 (if it exists) so that for ¢ = ; the optimal basis
1+

1+0

does not change. For such values of §, what is the optimal value of the objective
function? If # is so that the optimal basis is changed, then, using the optimal

tableau in (a), what method do you choose to solve the problem and why?

3) Consider the problem (P) below:

(<z<uy
where [ and u are given vectors with bounded components.

a) Using the dual of (P), prove that the problem (P) can not have an unbounded

solution (can not be unbounded).

b) Let (P’) be the dual of (P). Discuss and provide the ressons for the possibilities

(or impossibilities) of the nine cases shown in the table below:

problem (P) | infeasible | unbounded | optimal solution

problem (P?)

infeasible

unbounded

optimal solution

4) Assume that =* is an optimal solution for the problem (P) below:

min z=clx alx = b

st. Axr=25b r=1....

x>0 where a! is the i-th row of A



Assume that w* is an optimal solution for the dual of (P).

Prove that a* is an optimal solution for the problem below:

! — wiay)x

N -

min 2 = (¢
st. ax=0b 1=1
x>0
where wj is the k-th component of w*.

5) Using the first principals (elementary definitions of convexity),

a) Show that the set
S={z € R'|Az =b, 2 >0}
is convex.

b) Show that the function f(x) = ¢’z is a convex function on the set S as defined
in (a) above.

c¢) Prove that for the linear programming problem.

min z=clz

zER™

st. Ax =5
x>0

if an optimal solution x* exists then z* is a global optimal solution.
6) Solve the dual of the problem (P) below:

min =g’z — Ty
Z7y

st. y—z=c (P)

Yy, 220
where, f, g and ¢ are given vectors with bounded components.

a) Use the dual to find conditions under which the primal has a bounded solution.

b) Under the conditions of (a), solve the dual problem and compute the optimal

value of the objective function.



