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Note� In answering questions � and � you may use any result from linear

programming provided that the result is stated clearly�

�� Let A�D be matrices of size m� n and p � n� respectively� b � Rm� d � Rp� c � Rn

and z � R�

i� Show that the system

Ax � b

Dx � d

is not feasible �has no solution� if and only if the system

uTA� vTD � �T

uT b� vTd � �

v � �

is feasible �has a solution��

ii� Show that the system

Ax � b

Dx � d

cTx � z

is feasible �has a solution� if and only if the systems

uTA� vTD � �T

uT b� vTd � �

v � �

and

uTA� vTD � cT

uTb� vTd � z

v � �

are not feasible �have no solution��



�� Assume A is m� n� c � Rn� b � Rm and x � Rn�

i� Show that the linear program �LP��

min cTx

s�t� Ax � b

x � �

�LP �

has an unbounded optimum if and only if there exists d � Rn such that

Ad � �

d � �

cTd � ��

ii� Show that the feasible region

X � fx � Rn j Ax � b� x � �g

is bounded if and only if there exists a u � Rm such that

uTA � �T �

iii� Assume that the region

X � fx � Rn j Ax � b� x � �g

is feasible and bounded and that c � Rn is arbitrary� Show that uc� as below�

uc � fu � Rm j uTA � cTg

is not bounded�

�� Consider the linear program �P� below�

min z � cTx

s�t� Ax � b

x � �

�P �

i� Write down the dual �D� of �P��

ii� Show that if x is feasible to �P� and u� the dual variable� is feasible to �D�� then

cTx � uTb�



iii� Write down the complementary slackness for the pair of problems �P� and �D��

iv� Suppose that x is feasible to �P� and u is feasible to �D� and the pair �x� u�

satisfy complementary slackness� prove that x and u optimal to �P� and �D�

respectively�

�� Consider the quadratic function� q�x��

q�x� �
	



xTGx� gTx� c

where G is and n � n matrix and g� x � Rn� c � R�

i� Show that q�x� can be written as

q�x� �
	



xTGx� gTx� c

where G is symmetric�

ii� What relation for x should hold so that

q�x� � q�x� �
	



�x� x�TG�x� x��

Prove your claim�

iii� Does x as in �ii� always exist� Indicate the necessary and su�cient conditions

for the existence of x�

iv� Assume that x as in �ii� exists� Under what conditions x is a solution to

min
x

q�x�� �Indicate both the necessary and the su�cient conditions�� When

is x a unique solution�

v� Prove the q�x� is convex if and only if G is positive semide
nite� �The proof

should be given using only basic principles and de
nitions of convexity��

�� Assume an optimal basic feasible solution with an optimal basic B for the problem

min z � cTx

s�t� Ax � b

x � ��

is known� Consider each case below separately�



i� Change b to b��� � b� �r for a given vector r� For what value of �� if any� the

present solution will no longer be an optimal basic feasible solution�

ii� change c to c��� � c� �s for a given vector s� For what value of � the present

solution will remain an optimal solution� For each such �� what would the

optimal objective value be�

iii� Add the constraint

dTx � b�

for a given vector d� For various values of b� indicate and prove how the optimal

basic feasible solution is determined�


