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Operations Research

�� In parts �a� � �d� below	 let A be an m� n	 B be l � n and c be n � 
�

a� Farkas� theorem� Prove that exactly one of the following two systems has a

solution�

System 
� Ax � �� cTx � � for some x � En�

System 
� ATy � c� y � � for some y � Em�

for parts �b� � �d�	 prove	 using Farkas� theorem only	 that exactly one of the

two systems has a solution�

b� System 
� Ax � � for some x � En�

System 
� ATy � �� y � �� y �� � for some y � Em�

c� System 
� Ax � �� x � �� cTx � � for some x � En�

System 
� ATy � c� y � � for some y � Em�

d� System 
� Ax � �� Bx � �� cTx � � for some x � En�

System 
� ATy � c� y � � for some y � Em�

�� Let A be p� n and B be q � n�

a� Show that if system 
 below has no solution	 then system 
 has a solution�

System 
� Ax � �� Bx � � for some x � En�

System 
� ATu�BTv � �� u � � for some nonzero �u� v��

b� Show that if B has a full rank	 then exactly one of the systems in �a� has a

solution�

c� Is part �b� necessarily true if B is not of full rank� Prove	 or give a counterex�

ample�

d� Show that exactly of the following systems has a solution�

System 
� Ax � �� Bx � � for some x � En�

System 
� ATu�BTv � �� u � �� u �� � for some �u� v��

�� Consider the following problem�

Minimize
x

cTx

s�t� Ax � b

x � �

where A is an m�nmatrix of rank m� Let x be an extreme point with corresponding

basis B�



a� Suppose that B��b � �� Use Farkas� theorem to show that x is an optimal point

if and only if cTBB
��N � cTN � �T �

b� Let �b � B��b and suppose that �bi � � for some component i� Is it possible that

x is an optimal solution even if cTBB
��aj� cj � � for some nonbasic xj� Discuss

and give an example if this is possible�

�� Let A be m� n with rank m� c be n� 
 and b be m� 
� Let problem P be de�ned

as below�
P � Minimize

x
cTx

s�t� Ax � b

x � �

a� Show that P is infeasible if and only if the following problem is unbounded�

Minimize
y

bTy

s�t� ATy � ��

b� Assume that problem P above is unbounded� Is there a right hand side b��b� �� b�

in place of b for which problem P has an optimal solution� Discuss the validity

of your answer�

�� Consider the problem �P� below�

Minimize
x

f�x�

s�t� x � S
�P �

where f � En � E� is a di�erentiable convex function	 and S is a nonempty convex

set in En� Probe that x� is an optimal solution for �P� if and only if

rf�x��T �x� x�� � � for each x � S�

�� Consider the problem �P� below�

Minimize
x�Rn

f�x�

s�t� x � �
�P �

where f is a di�erentiable convex function� Let x be a given point and denote rf��x�

by �r�� � � � �rn�T � that is	 ri �
�f��x�

�xi
� Show that x is an optimal solution for �P�

if and only if d � �	 where d is de�ned by

di �

���
��
�ri if xi � � or ri � �

� if xi � � and ri � �


