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Optimization

�� Using the duality theory� answer the theorem of the alternatives below� Assume

A � Rm�n is an arbitrary matrix�

Theorem ��

a� there exists x � Rn such that Ax � 	�

or b� there exists y � 	 such that ATy � 	 and
mP
i��

yi � 	�

Theorem ��

a� there exists z � 	 such that ATz � 	�

or b� there exists x � Rn such that Ax � 	 and Ax �� 	�

�� Consider the linear programming problem �P� as

min z � cTx

s�t� Ax � b
�P �

where A � Rm�n� b � Rm� b � 	�

a� Prove
 The problem �P� has an optimal solution if and only if there exists

� � Rm such that
c�AT� � 	

� � 	
���

b� Let �x be a feasible point for �P�� Assume that �� satis�es the conditions ����

Give additional necessary and su�cient conditions for �x to be an optimal point�

Prove your claim�

�� Consider problem �P� below


min z � xTBx

s�t� Bx � b

x � 	

�P �

where B is a real shkew symmetric matrix �B � �BT �� Prove or disprove the

following claims�

Claim �� If �P� is feasible then �P� has an optimal solution�

Claim �� If B is invertible then �P� has an optimal solution�

Claim �� The problem �P� can be feasible with arbitrarily small values of of z�



Claim �� The dual of �P� is always feasible�

�� Consider problem �P� as

min z � cTx

s�t� Ax � b

x � 	

�P �

where A� m � n� Assume rank �A� � m� We know that the dual simplex method

requires an initial dual feasible simplex tableau� Consider the following procedure



� Determinem independent columns ofA and letB be composed of those columns�

�� Let b� � Bx� with x � 	�

�� Solve problem �P� with b replaced by b�� using the primal simplex method�

�� Replace b� by b in the �nal simplex tableau and compute the associated right

hand side for the tableau�

a� Explain how it is possible to obtain a dual feasible tableau by use of the above

procedure �explain how the steps �
� and ��� are carried out��

b� Is it possible that the above procedure fail� Expalin your answer�

c� Show that with the assumption that rank �A� � m� an optimal solution for �P�

uniquely determines an optimal solution for the dual of �P��

d� Assume rank �A� �� m� Assuming that �P� has an optimal solution� show that

there are an in�nite number of optimal solutions for the dual of �P��

�� Assume that the problem �P� having the form

max z � cTx

s�t� Ax � b

x � 	

�P �

in nondegenerate� Assume x� is an optimal solution for �P�� Replace the vector c

with c� and assume the new optimal solution to be x��

a� Show that �c� � c�T �x� � x�� � 	�

b� Assume that xj is a basis variable at the optimal solution for �P�� Let c� � c��ej�

where ej is the j�th unit vector �the j�th component equal to 
 and the remaining

ones equal to 	�� Show that if � � 	 then xj will also remain basic at the optimal

solution for the new problem� If � � 	 then what can be said about xj being

basic or nonbasic� Expalin�



c� If ck is changed to ck � �� then what can be said about the changes to xj� for

all j� at the optimal solution of the new problem� Explain�

d� If c� � c��ej� then does the new problem �P� have always an optimal solution�

Can the new problem be infeasible or in�nite�

�� Consider

minf�x�

s�t� gi�x� � aTi x� bi � 	� i � 
� � � � �m
�NLP �

where the function f is convex and twice continuously di�erentiable on En� De�ne

L�x� �� � ��f�x� �
mP
i��

�igi�x��

Are the following true or false� �Note
 Credit will be deducted for incorrect answers��

a� If x� is a �global� minimum to NLP� then there exists a vector �� such that

�x�� ��� satis�es the Kuhn�Tucker conditions�

b� If x� is a �global� minimum to NLP� then there exists a vector �� such that

�x�� ��� satis�es the Fritz�John conditions�

c� If x� is a �global� minimum to NLP� then there exists a vector �� � 	 such that

L�x� �� has a stationary point at �x�� ����

d� If �x�� ��� satis�es the Kuhn�Tucker conditions� then x� is a �global� minimum

to NLP�

e� If �x�� ��� satis�es the Fritz�John conditions� then x� is a �global� minimum to

NLP�

f� If L�x� �� has a stationary point at �x�� ���� �� � 	� then x� is a �global�

minimum to NLP�

g� If �x�� ��� satis�es the Kuhn�Tucker conditions� then the Fritz�John conditions

will also hold for the NLP�

h� If �x�� ��� satis�es the Fritz�John conditions with ��
�
�� 	� then the Kuhn�Tucker

conditions will also hold for the NLP and the ai are linearly independent�

i� If the ai are linearly independent� then there exists a �x�� ��� satifying both the

Fritz�John and the Kuhn�Tucker conditions�

j� If �x�� ��� satis�es the Fritz�John conditions and the ai are linearly dependent�

then ��
�
� 	�


