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Probability and Stochastic processes

1) Consider a Markov chain on the nonnegative integers such that starting from x, the
chain goes to state x 4+ 1 with probability p, 0 < p < 1, and goes to state 0 with
probability 1 — p.

a) Show that this chain is irreducible,

b) Find Po{Ty = n}, for n > 1,

c) Show that the chain is recurrent,

)
)
)
d)

Find the unique stationary distribution of this chain.
2) Consider a branching chain with f(x) = p(1 — p)®, © > 0, as the probability mass

function of the size of the family of each particle. Determine under what conditions

on p, the chain become extinct with probabilty one.

3) Let B;,t > 0, be the two-dimensional Brownian motion, and for each p > 0 define
D,={r e R*: |z| < p}.
Compute P{B; € D,}.

4) If By, t > 0, is the real Brownian motion, show that

. 1
By = =By t>0
C

is a Brownian motion for ¢ > 0.

5) Suppose that ¢, particles are added to a box at timesn = 1,2,..., where £,,n > 1,
are independent and have a Poisson distribution with common parameter A\. Suppose
that each particle in the box at time n, independently of all the other particles has
probabilty of remaining in the box at time n + 1 and probabilty ¢ = 1 — p of being
removed from the box at time n + 1. Let X, be the number of particles in the box
at time n. If R(X,) denotes the number of particles present at time n that remain

in the box at time n + 1,

a) Show that the conditional distribution of R(.X, ) with respect to X,, is binomial,

b) Show that R(X,) has a Poisson distribution of parameter pt if X, is Poisson

with parameter ,

¢) If Xy has Poisson distribution with parameter ¢, show that X, is Poisson with
parameter

A
tp" + 5(1 —p")



6) Let {B(t),t > 0} be a Brownian motion

a) Let Y, = X7 |B(127") — W((i — 1)27")| show that > P{Y, < n} < occ.

b) Show that B(.,w) is with probability one of unbounded variation.



