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Probability and Stochastic Processes

Let {BO(t) ; 0 <t < 1} be a Brownian bridge; that is a continuous path

Gaussian process with B©(0) = B(O(1) = 0 and covariance function
Cov(B(O)(S), B(O)(t)) =s(l—1t); 0<s<t< 1.

Define B(t) by B(t) := (1 +)B© (IL_H), and show that B is a Brownian motion.

Let {N(t) ; t > 0} denote a Poisson process having rate A\, A > 0, and let Xy be
independent of this process and be such that P{X, = 1} = P{X, = -1} = L.
Define X(t) = XO(—I)N(t).

a) Prove that {X(¢); t > 0} is a stationary process.

b) Compute the mean and covariance function of X(¢).

c) Let

Show that the variance of D(t) is given by %(t — ;—A + ;—Ae_z”).

Let {S, ; n > 0} be a Markov chain with transition matrix given by
Piit1 = Ai,
Pii—1 = [hi;

pi,k:() lf |Z—k|7£1,

where A\; + g; = 1. This may be regarded as a random walk, taking positive or
negative unit steps on the integers, such that the step probability depend on the

position of the particle. When does exist a stationary distribution w?

Let X be a Markov chain on {0,1,2,...} with transition matrix given by po; = «a;
for j >0, pi; =r and p;;—1 =1 —r for ¢ > 1. Classify the states of the chain, and

find their mean recurrence times.

A container has m big tablets and n small tablets initially. A patient chooses a
tablet at random every day. If a small tablet is chosen, he takes it. But if a big one
is chosen, then he devides it in halves and takes one half. The other half is returned
into the container and is considered as a small tablet. Let X denote the number of
small tablets which have been chosen after the last big tablet that has been returned
into the container. Find F(X).



6) Let {B(t); t > 0} be a standard Brownian motion. The first passage time T'(z) to
the point € R is given by

T(x)=inf{t: B(t)=a}.
a) Let M(t) = max{B(s): 0 <s <t}. Show that M(¢) has the same distribu-
tion as |B(1)].
b) Show that

2t
P(sup |B(s)| > w) <2P(|B(t)| > w) < = for w > 0.

0<s<t

¢) Find the distribution function of T'(x).



