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Topology

Precisely define CP', the one-dimensional complex projective space, and show that

it is homeomorphic to the unit 2-dimensional sphere in R>. If a, b, ¢, d are complex

az+b

pip induces a

numbers and ad — be # 0, explain that in what sense, the map z —

self-homeomorphism of the 2-sphere.

Consider the circle of radius b in the xy-plane centered at (a,0),b < a, and rotate it
in the space around the y-axis to develope a torus T. Determine the lines of curvature

of this torus. Show that T lacks umbilical points.

Let Ily,-+-,l; be distinct lines in R?® passing through the origin and A = @1 [;.

Compute the fundamental group of R\ A.
Denote by M, the standard compact orientable surface of genus ¢. If a continuous
map Mg — M, defines a covering space, show that either ¢ = 2 or ¢ = 6. For what

values of h can one define a covering space M), — M7

For the canonical quotient projection S? — RP?, denote the image in RP? of the
subset X of S? by X. Compute the homology groups of X and RP*\ X in the

following two cases.
(i) X ={(v,y,2) € 57| z=0}
(i) X ={(z,y,2) € S* | z2=0} U{(z,y,2) € S* |y =0}
Suppose X is a simplicial complex and X, its m-skeleton. Show that the homomor-
phism H;(X,,) — H;(X) induced from the inclusion map X,, — X is an isomor-

phism for 5 < m. If X is the standard n-simplex and m < n, compute the Euler

characteristic of X,,.



