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Topology
Define the curve a : R — R? by:
a(t) = (acost,asint, bt)

where a # 0 and b are given real numbers. Compute the curvature and torsion
of this curve. Describe all smooth curves v : R — R? with constant curvature

and torsion.

An invertible linear map f : R? — R? is given. By f” we denote the n-fold
composition fo---o f (forn =0, f° =identity, and for negative n, we use f~*

instead of f). We define an equivalence relation ~ on U = R* — {(0,0)} by:
x ~ y if and only if 3 integer n with f"(z) = y.

We denote the set of equivalence classes by X and endow X with the quotient

topology.

a) Is the quotient map ¢ : U — X open? (q assigns to each element of U,

its equivalence class.)
b) Give reasonable condition(-s) on f to make X Hausdorff.

¢) Give reasonable condition(-s) on f to make X compact.

Compute the fundamental group of X where X is obtained from R? by deleting

the positive halves of the three axes.

Prove the following algebraic proposition using algebraic topology: If F, is the
free group on k generators, then for every £ > 2, F, contains a subgroup of

finite index isomorphic to F|.

Let S™ be the unit n-sphere, n > 2, and X the quotient space obtained from
S™ by identifying the north- and south poles. Compute the homology groups
of X.

Let X be a subset of S™, n > 1, homeomorphic to S"~'. Using homology (or

cohomology), show that S™ — K consists of two connected components.



