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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination
Topology

1. Let ¢ : X — Y be a continuous map of metric spaces and assume that there
is a point ¢ € Y such that ¢7'(¢) C X is compact. Show that there exist open
neighborhoods U of ¢7'(¢) in X and V of ¢ in Y such that ¢, : U — V is proper.

(A map f is proper if the inverse image of every compact set under f is compact).

2. Find a smooth curve v : R — R? for which «(¢) = 1 and 7(¢) = 1 and ~(0) =
f(()) = eq, ]V(O) = ey and 5(0) = e¢3. Here k and 7 are, respectively, curvature and

torsion, and (f, N, é) is the Frenet frame.

3. Let X be a path-connected space and zg, x1 two distinct points in X. What is the
relation between 71( X, x9) and 71 (X, x1)? What if 71(X, 2¢) is abelian?

4. Compute the Euler number of 5" V...V S” (Join of k n-spheres at one point).
~——
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5. Compute the homology groups of C* — {axes}.

6. We consider the map C° — C, (zy, 29, w) — w? — 21 - z5. If S is the zero set of

this map, show that S\{0} is not simply connected.



