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Analysis

Let f : [0,1] — R be a 2-times countinuously differentiable function on [0, 1] and
Vz €]0,1[, f"(z) > o. Let f(o) = o and there exists a €]0,1[ such that f'(a) < f(1).
Prove

f(0)

3b€la,1[: fl(a) = &

Let (X, u) be a measure space and let p is a (positive) o-finite measure on X. Let f
and g be two measureable and non-negative function on X such that for any A > o, we
have

1
pl{z € X = fz) > A} < gdp
{zeX:f(z)>A}

Let f € L?(X). Prove

1122 < 2llgllr2

Let 1 and v be two (positive) finite measures on measure space (X, B). Prove that the

following statements are equivalent:

a) VE€B:u(E)=o°=v(E)=o

b) For any € > o, there exists § > o such that

VEe€EB: u(E)<d=>v(E)<e

Let H be a (real) Hilbert space and let {z,, } be a sequence in H which converses weakly

to a € H. Prove that for any b € H, a # b, we have

liminf ||z, — b]| > lim inf ||z, — a



5) Let f: R — R be a bounded and measureable (relative to Lebesgue measure) function
on R. Define

u: Rx]o,+o00[— R
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Show (in full details) that u is infinitely many times differentiable and also

ou 10%u
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