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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Differential Equation

1) Discuss the stability and asymptotic stability of the following system in terms of a and

b, (a €R, b€ER)
i:y—%x3—a$y2

§ = —x — 2y — bx’y

2) Consider the following nonlinear system

T =-x
§=—y+a’
Z=z+a?

Determine the equilibruim points and stable and unstable subspaces E*, E".

3) Let A(t) be an n x n continuous and periodic matrix of period T' > o. Show the
complex number A is a characteristic exponent of the system z/ = A(t)z if and only if

this system has a nonzero solution e*p(t), where p(t +T) = p(t).

4) Solve the one dimensional heat equation with given initial and boundary conditions

Ou _ O <z<l,t>

_— = — o T [e]

ot  0x? ’
U(O,t) =9,

t> o
u(l,t) =t", t>o
u({]j’o):o OSZESI

5) Let T be a constant, ¢ < T < oo and let
u€ C(D)NC?*D), D=R"x(°,T)
be a solution of u; = ug,. If
M = supu(z,t), N =supu(z,-e)

D R

Show M = N.



6) Solve one of the following two problems

a) Let u(z,y) # o be a classical solution of

Uggy — 2Ugy + BUyy — Uy — u? = o

on the unit disc 22 + 32 < 1. Show u assumes its maximum on z? + y? = 1.
b) Solve the following boundary value problem

Viu = o, u=u(r6), r<a-e<f<7.
u(r,o) =u(r,f)=r°, r<a

Qu| oy =(r ) = f(0), 0 <0<
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