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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination
Ehtemal

Answer five questions from the following sixz. Write the numbers of questions chosen on

the cover of the answer book; otherwise only the first five answers will be graded.

Note: In the following questions, the words o-algebra and o-field mean the same.

1. Suppose Z is an integrable random variable and that {F,} is an increasing sequence of

o-fields.

a) [5 points] Prove that the sequence E[Z | F,] is a uniformly integrable martingale.

b) [7 points] Prove that if F,, T F, then
E[Z | Ful = E[Z | Fo]
with probability 1.

2. We recall that a function F' : R — [0, 1] is called a distribution function if it has the
following properties:
e z<y= F(z) < F(y).
e [ is right-continuous.

e lim, , o F(z) = o and lim, ;o F(z) = 1.
Now do the following:

a) [6 points] Let F' be a distribution function on R. Construct a random variable
X : (0,1) = R whose distribution function is F, i.e. for every z € R we have
P(X <z)= F(x).

b) [6 points] Let X be any random variable with continuous distribution function

F. Show that F(X) is uniformly distributed as uinform(0, 1).



3.

4.

a) [8 points] Show that a random walk with state space {0,1,2,3,4} and with the

transition probability matrix given by

1/3 23 0 0 0
1/3 0 2/3 0 0
0 1/3 0 2/3 0
0 0 1/3 0 2/3
0 0 0 1/3 2/3

is a time reversible Markov chain.

b) [4 points] Assume a system changes state according to this Markov chain. When-
ever the system is in state 0 or in state 4, it gains one unit of money. Whenever
the system is in state 1 or in state 3, it loses one unit of money. Whenever the
system is in state 2, it gains or loses nothing. What is the long-run average income

of this system?.

[12 points] Let («, /) is a finite interval and let X1, ..., X,be random variables. The
number of upcrossings of («, () is the number of times the sequence passes from the
below « to the above 8. Show that for a submartingale X, ..., X,;, the number U of

upcrossings satisfy
< E|X,| + |af

B(U) < ZE

[12 points] On a probability space assume events A, with > >2, P(A4,) = oo and

lim inf 23:1§%=1P(Ak2.A0

Prove that P(limsup A4,,) = 1.

=1.

Hint: Take the indicator functions (characteristic function) I,, = 14, and see what the

variance of the random variable Y ;_, I would be in terms of the A,’s.

[12 points] Prove the following form of the Central Limit Theorem for the Sample
Variance:

Let X1, ..., X;, be a sequence of independent and identically distributed random variables
with mean z and variance 0. Let the number py = E{(Xy —p)*} satisfy o* < g < oo0.

Set

_ 1
X,==> X, and S, =
n -~
=1



Show that

\/5(52_02)5]\[(0’”4_04) as n — oo,

where by % we mean the convergence in distribution.

Hint: You may use the Slutsky’s Theorem which is:

Slutsky’s Theorem: Let U, and V,, be two sequences of random variables. Let U be
a random variable and ¢ be a constant. Let U, A U and V, e (which by £ we mean

the convergence in probability). Then the following hold:
. L
i) U, £V, =>U=xec
.o L
ii) U,V, = cU.

iii) U,V,' 5 ¢ 1U provided that ¢ # 0 and P(V,, = 0) = 0.



