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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Mathematical Logic

(10 points) 1. Let £ = {F} be a first order language with a monadic function symbol.

(a) Find a sentence o in £ such that for every model A, A |= o if and only if A is

infinite.

(b) Prove that for any infinite set X, there is a one to one and onto function f : X — X

without any fixed point.

(10 points) 2. Prove that any first order theory T' is complete if and only if for any two models A and

B of T, there is a third model C of T such that A < C and B < C.
(10 points) 3. Let PA be the first order theory of Peano Arithmetic.

(a) Show that PA is not a model complete theory.

(b) Is every non-standard model of PA an end-extension of (N, +,., S, <, ¢, \) ? Why?

(10 points) 4. Let T be the theory of discrete linear order with an initial element in the language

L ={S,<, o} with the following axioms (z < y means z < y A 7z = y):

the axioms of linear order,

o Va(o <),

VaVy(y = S(z) <>z <y A-3z(z <z Az <y)),

o Vz(z = o VIy(y = S(z))).

Definition: A model A is said to be countably universal if A is countable and every

countable model B = A is elementarily embedded in A.



(a) Is T a model complete theory?

(b) Prove that T has a countably universal model.
(10 points) 5.

(a) Define the sets V,, for every ordinal a.

(b) Prove that if x is inaccessible, then |V, | = &.

(10 points) 6. Definition: Let M be a transitive class. We say ¢(xy,---,zy) is absolute for M iff

M |: (P(x\,"',xn) iff (P(x\a"'amn)a for a‘llm\a"'ax’n € |M|

Which of the following expressions are absolute for transitive classes:

(a) ¢(z) = x is transitive.
(b) ¢(z) = z is an ordinal.
(¢) @(z) = z is a natural number.

(d) ¢(z) = z is a cardinal number.



