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Number Theory

Let f : N — C be a multiplicative function. Show that f is completely multiplicative if
and only if f~1(n) = u(n)f(n) for all n > 1. (f ! is the inverse of f with respect to

Dirichlet product, and p is the Mobius function.)

Let p be an odd prime number, {, a primitive p-th root of unity, and K = Q(¢,). Find

all subfields ' C K with [F: Q] = 2.
Let F,» be the finite field with p" elements.

a) For 1 < m < n, show that F,» is isomorphic to a subfield of F,» if and only if
b) Let F, be the algebraic closure of F,.

Is there a field F, C K C F, with both [K : F,] and [F, : K] infinite?

Let d be a positive integer and K = Q(v/—d). Show that K can’t be embedded in a

cyclic extension of Q whose degree over Q is a multiple of 4.
Find the class number of Q(v/14).

Let p,q be two distinct odd prime numbers, and K = Q(,/p, /q). Find a basis for the

ring of integers of K over Q.



