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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Optimization

For problems 1 and 2 consider the LP problems (M) and (N) as follows:

min 'z

Az =b (M)
T >0

max by
ATy +s=c (N)
s> o

where A, m x n, ¢, n x 1, b, m x 1, are given (with known components). Assume that A has

full row rank, i.e., rank(A) = m.

1. Prove parts (a)-(d) below. For part (e) give supporting argument.

a) For a given s > o, there is a unique y such that (y, s) is feasible for (N). (2 points)
b) If x is feasible for (M) and (y, s) is feasible for (N) then b”y < ¢’'z. (2 points)

¢) If (M) is unbounded then (N) is infeasible. (2 points)

d) If (N) is unboudned then (M) is infeasible. (2 points)

e) Can both (M) and (N) be infeasible? Why or Why not? (2 points)

(5 points) a) If (M) and (N) are both feasible then z*, optimal for (M), and (y*, s*) optimal for

(N) exist such that



(5 points) b) Problems (M) and (N) have optimal solutions if and only if the system (P) below
has a solution:
Ax =10
ATy+s=c

TiS; = © i:1,...,n (P)
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(10 points) 3. A large company wishes to move some of its departments out of Tehran. The company
comprises 10 departments Aj, Asg,..., A1g and the possible cities for reallocation are
X, Y, Z,T. A department may be kept in Tehran but none of these cities including
Tehran may be the location of more than 3 departments. The benefits of relocation of
department 7 from Tehran to city j is denoted by B;; and suppose that it is given. Also,
however, there are communication costs between departments. The communication
costs are of the form Cj; Dj;, where Cj; is the quantity of communication between
departments 7 and & per year and Dj; is the cost per unit of communication between
cities j and [. It is supposed that Cj; and Dj; are also given. Formulate this problem
as an integer linear programming to determine the location of each department in order

to minimize the overall cost.

(2 points) a) Write the definition of a totally unimodular matrix.

(3 points) b) First write a sufficient condition for total unimodularity of a matrix A and then

prove it.

(3 points) ¢) Consider the following TP problem.

max z = CT£E

(IP) Az =D

T > °,integer
Suppose that the elements of A and b are integer numbers. Prove that if A is a
totally unimodular matrix then an optimal solution of IP can be obtained by the

linear programming relaxation of IP.



(2 points) d) Is the converse of the theorem described in part ¢ true? If the answer is yes prove

(10 points) 5.

(10 points) 6.

it, otherwise explain your reason(s).

Given a vector o # ¢ € R”. Consider the problem maxclz s.t. z7Qz < 1, where
Q is a positive definite symetric matrix. Show that the optimal value is v/cT'Q—'c and

use this fact to establish the inequality

'z < \/xTQm\/cTQ_lc, for all z € R".

Consider the problem min f(z) s.t. g;(z) < o, i =1,...,m, where the functions f
and g;, 1 = 1,...,m, are continiously differentiable. Let x* be a feasible solution and
let I = {i|gi(z*) = o}. Consider the following problem:

min z

st Vf(a)Td—2z< o

veilz)'d—2< o i€l
—1<d; <1 j=1,...,n.

Show that z* is a Fritz Jhon point if and only if the optimal objective value to the

above problem is equal to zero.



