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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Probability and stochastic processes.

Answer five questions from the following six. Write the numbers of questions chosen on the

cover of the answer book; otherwise only the first five answers will be graded.

1) Let (2, F,P) = ([0,1], B,m). Define sigma fields F , F; as follow

k—1 k
7:—‘7{[1—771—7) , k=0,1,2,...,17}
k—1 k .
Fi=ollg ) » k=0,12,..i}

Suppose Y is an integrable random variable.

a) Compute E(Y|F). Justify your claim.

b) Show that {X,,, F,} is a martingale, where X, = E(Y|F,)

2) Let X1, Xo,... be (i.7.d) standard normals. Show that for any ¢

> X, sin(nt)

n=1 n

converges a.s.

3) Suppose X has density f, P(a« < X < ) =1 and g is a function that is increasing and

differentiable on («, ). Show that g(X) has density

flg~!(z))
g'(g~(x))

for € (9(), 9(B)) and 0 otherwise.

4) Let Y be a random variable on (92, F, P) such that E|Y| < oo, and X, X2 random

vectors such that F(Y, X;) is independent of F(X3). Prove that

E(Y|X1,X2) :E(Y|X1) a.s.



5) State Kolmogrove Extension Theorem and sketch a proof of this theorem

6) Consider a Markov chain consisting of the five states 0, 1,2,3,4 with transition proba-

bilities matrix

O == O O
O == O O

= O O Nl Nl

B O O N N
= O O O O

a) Is this chain Irreducible? Justify your claim.

b) Specify the chasses of this chain and determine whether they are transient or

recurrent.



