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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Probability and Stochastic Processes

Answer five questions from the following sixz. Write the numbers of questions chosen on

the cover of the answer book; otherwise only the first five answers will be graded.

1) Suppose (22, F, P) be a probability space. Suppose that X : {2 — R is a function which

assumes only countably many values a1, as,... € R
a) Show that X is a random variable if and only if
X Yag) € Florall k=1,2,...
b) Suppose (1) holds. Show that
o
BIX[] =) laxlPIX = ay]

k=1

c) If (1) holds and E[|X]|] < oo, show that

E[X] =) axP[X = a}]
k=1
d) If (1)holds and f : R — R is measurable and bounded, show
o
Blf(X)] = )_ flar) P[X = a]
k=1

2) For any r > o, E(|X|") < oo if and only if

[o.0]
Z n"1P(|X| >n) < co

n=1
3) Let X1, Xo,... be a nonnegative submartingale. Prove for every [ > o
1
P(sup X;>1) < - XndP
1<j<n 1 { sup X;>l}
. 1<j<n
< _E(Xn)

A



4) Suppose p > 1 and {X,} be an LP martingale (and corresponding o-fields {F,})

(sup || Xp|lr < 00). Then there is an X € LP such that
n
Vn>1 X, =E(X|F,)

and

lim ||Xn —X”Lp = °
n—o0

5) Suppose that the number of phone calls to a delivery center in an interval with lenght

t (minute), ¢ > o, is a poisson stochastic process with parameter A = 3.

a) Suppose that from now on, T, is the time of the first phone call, T' the time
between the second and the third call and 7% the time of the seventh phone call.

Deriue the distributions of each of these random variables.

b) Suppose that T), is the time of the n-th call. Is this random variable continuous
or discrete? If is is continuous derive its density function and if it is discrete find

its probability function.

¢) The following density function is given

f(z) = B(a’ﬁ)xa*1(1—x)ﬂ*1(a> °of>0)o<z<l

where
1

B(a, p) :/ 2971 — 2)Pldx

If X is a random variable with the above density function for a = 2, § = 3, and
Y is a binomial random variable with parameters p (¢ < p < 1) and n = 4. Show
that

P(X <p)=P(Y >2)

6) Let {X;}ien be an irreducable and homogenous Markov chain on a finite state space

V ={1,...,n} with the transition matrix P = [p;;]. If we know that

a) VieV Pis = ©

b) V’i,jEV Dij = ° < Ppj;=°



in which d; is the number if elements in the set {j € V/p;; # o}

L=

c) pij =
if T, = min{t > o/X; = k} is the random variable corresponding to the first
hitting time to the state k, compute the following sum,

1/2 3 (Bi(T)) + E;(T;).
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