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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Geometry - Topology

Answer siz questions from the following ten. Write the numbers of questions chosen on

the cover of the answer book; otherwise only the first six answers will be graded.

1) Let X be a Hausdroff topological space with the following property:
There exists a sequence (X,,), n = 1,2,3,..., of closed subsets of X such that X; C
X9 C X3 C -+, UX,, = X, and a necessary and sufficient condition for a subset A of X
to be closed is that AN X,, be a closed subset of X,,. Prove that every compact subset

of X is entirely contained in some X,,.

2) Let C be a closed, regular, twice-differentiable curve in R?> which is contained in the
interior of the unit disc. Show that the (absolute value) of the curvature of C' cannot

be strictly less than one everywhere.

3) U is an open connected subspace of R* and f : U — U is a smooth map with the

property fo f = f.
a) Show that for every z € U, we have:
rank(Df(z)) + rank(I — Df(z)) =n
where [ is the identity map of R”.
b) Prove that f(U) is a smooth submanifold of U.

4) Let f,g : R — R be smooth everywhere positive functions. Consider the following

vector fields on R2:

X(z,y) = f(y)—xa Y(z,y) = g(z) -



Find a necessary and sufficient condition for the existence of a diffeomorphism H :
R? — R? such that
0 0

H.(5 ) =X, H*(@) =Y

5) Give an example of a closed non-exact one-form on the unit circle (as a submanifold of
R?). Define your example explicitly and prove its properties.
6) Let M be a smooth manifold. Show that TM, the tangent-bundle of M, is orientable.
7) The covering space p: (X, #,) — (X, z.) is depicted in figure 1.
a) Compute the group of covering (deck) transformations of this covering. Is this a
normal (regular) cover?
b) Describe the subgroup p.m; (X, Z,) as a subgroup of m (X, z,) with respect to the

generators a and b.

8) The space X is obtained from the 2-torus by deleting 2 distinct points. Compute the

fundamental group of X.

9) The space @ is obtained from the 2-simplex by identifying the edges as shown in figure

2. Compute the homology groups of Q.

10) Consider a closed 2-disc on the 2-torus and remove its interior. Let X be the remaining

space. Show that 0X, the boundary of X, is not a retract of Z (figure 3).



