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e In the following questions all rings are commutative with unity.

1)

2)

3)

1)

5)

Let n be a natural number. Prove that there is only one group of order n (up to

isomorphism) if and only if n is square-free and for each pair of primes p, ¢ dividing n,

p#1 (modg).
Let R be an uncountable ring such that for each non-zero ideal I of R, R/I is countable.
Show that

a) each non-zero ideal I of R is uncountable.

b) R is an integral domain.

Given a ring R, let M be a free R-module. Prove that for any two bases X and Y for

M over R, we have | X| =Y.

Given a ring R, let M be an R-module which is both Noetherian and Artinian. Assume
that f € Endg(M). Prove that there exist f-invariant submodules My and M; of M
such that M = My @& M; with f|p : My — My nilpotent and f|as, : M1 — M; an

isomorphism.

Let R be a Noetherian local ring with maximal ideal m. Show that exactly one of the

following two cases occur:

a) Vn>1, m"#m"tl

b) In>1, m"=0.

Moreover, show that in case (b), m is the only prime ideal of R.



6) Let f: R — S be a ring homomorphism and M an S-module. Show that

a) M can be viewed as an R-module via f.

b) There exists an injective R-module homomorphism g : M — S ®pr M.

Is such R-homomorphism g necessarily surjective?



