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Let f : R — R be a continuous function and suppose A > 1 is such that
F@) = f(W)] > Nz —y| (for all z and ).

Show that there exists a unique fixed point for f.

Let f : [0, 1] = R be a given function. Consider the sequence {f,}52, of functions on
[0, 1] defined by
folz) = fa")  (z€][0,1]).

Find a necessary and sufficient condition on f such that {f,} is equicontinuous on

[0, 1].

Let E be a Banach space over the complex field C. Prove the following generalization
of the Liouville’s Theorem:

Let u : C — E be a mapping with the property that for every f € E* (dual of E) the
composition fowu : C — C be an analytic function. Prove that if u is bounded, then it
must be constant.

Hint: Apply the Hahn-Banach Theorem.

Equip [0, 1] with the Lebesgue measure. By providing an example, show that the
convergence in measure on [0, 1] does not necessarily imply the convergence in L'[0, 1].
Also provide an example showing that the convergence in L'[0, 1] does not imply the

almost everywhere convergence.



5) Considering the partition {0, 2%, 2%, s 2;—;1, 1} of [0, 1] , define the function r, :

[0,1] — R by

k-1 k
ro(z) = (=1)k1! <f0r o <x< o and k = 1,2,...,2“) .

Taking the Lebesgue integral on [0, 1], show that for every integrable function f :

[0, 1] = R we have

lim 1 rn(x) f(z)de = 0.

n—oo 0

6) Let (X, u) be a measure space and let f, : X — R be a sequence of non-negative

integrable functions on X such that f, — f almost everywhere and that

/and,u—>/xfdu<oo.

Show that for every p-measurable set £ we have

nlggo/E fnduz/Efdu-



