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1) Let f : R — R be 1-periodic and continuous. Show that for every continuous function

¢ :[0,1] — R, we have:

Jm [osni= ([ ) ([ o)

2) Let p be a measure on X. Assume a real-valued function k(z,t) on the product space
X x]a, b[. Suppose
a) For each t €]a, b[, the function ky(z) = k(z,t) is in L}(X).
b) The function %(m,t) exists on X x]a, b[.

¢) There exists g € L'(X) such that for all (z,t) € X x]a, b[ we have ‘%(m, t)‘ < g(x).

Show that under these three conditions, for each fixed ¢ the function z — %(z,t) is
measurable and further the function u(t) = [y k(z,t)du(z) is differentiable at each
to €]a,b] and that

dlto) = [ St du(o)

3) Consider [0,1] with Lebegue measure m on it. Suppose that f, : [0,1] — R are a

sequence of measuerable functions;

a) Let f:[0,1] — R be a measurable function such that for any e > 0, we have
Tim m ({ € (0,15 () — £a(x)] = €}) = 0

Show that there is a subsequence of {f,} which converges to f a.e.



b) Let f :[0,1] — R be a measueable function such that

1
lim/ |frn — fldm =0
0

n—o0

Show that there is a subsequence of {f,} which converges to f a.e.

4) Let X be a Banach space and Y a closed linear subspace of X with Y # X. Let
0 < r < 1. Prove that there exists zo € X such that ||z¢]| = 1, and r < d(z0,Y) < 1

(where d(zg,Y) = inf d(zg,y)).
yey

5) Let X be a measueable subset of R with Lebesgue measure 1. Suppose f is a real-valued
intergrable function on X. Show that the relation [ f(z)dz = 0 holds if and only if

Jx |1 +tf(z)| dz > 1 holds for every real number t.



