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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

All answers must be supported by appropriate reasoning, proofs or counter-examples.

(10 points) P1.

(10 points) P2.

(10 points) P3.

(10 points) P4.

(10 points) P5.

Let G be a simple graph with maximum degree A and the edge-chromatic number x’'.
Prove that A < x' < 2A. Also, construct an infinite family of simple graphs {G, } such

that |[V(G,)| — oo and x'(G,) = A(G,).

A matrix A is said to be doubly stochastic if its entries are non-negative real numbers
and its row sums and column sums are equal to 1. Prove that the permanent of any

doubly stochastic matrix A is a nonzero positive number, i.e. per(A) > 0.

We want to construct two Latin squares L; and Ls, of order n and on symbols
N ={1,2,...,n} that differ in exactly in 2n cells, such that

(a) in each row they differ in exactly 2 places,

(b) in each column they differ in exactly 2 places,

(c) also each element of N appears in exactly 2 cells where L; and Lo differ.
Determine the values of n for which such a pair of Latin squares exist.

A pairwise balanced block design (PBD) is an ordered pair (S, B), where S is a finite
set of symbols, and B is a collection of subsets of S called blocks, such that each pair
of distinct elements of S occurs together in exactly A blocks of B. Prove that in any

PBD, where each block size is less than |.S|, the number of blocks b, is at least |S]|.

A region of area n square kilometers is divided into n equal-sized regions in two arbitrary
ways, say {A1, Ag, ..., Ap} and {By, Ba,..., B,}. Prove that there exists a permutation

o on {1,2,...,n} such that for each i, A; N B, # 0.



(10 points) P6. Let o be a x(G)-coloring of a simple graph G. For any pair of integers 4, j such that

17# jand 1 <14,j < x(G) we define
n,.(0) ¥ {oeol6) | Nyw)no () =0},

where N, (v) C V(G) is the neighborhood of v in G. Also, we define,

&(G) ©f max  max n,
s€C 1<i#i<X(G)

y (o).

where C is the class of all x(G)-colorings of G.

a) Let G be a vertex-colour-critical graph with the independence number o(G) = 5.

Obtain an upper bound for £(G). (Better bounds have more credit).

b) Compute £(P) where P is the Petersen graph (Figure ?77?).
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1: The Petersen graph P.

¢) What can you say, in favor of or against, the following conjecture?

For any simple edge-colour-critical graph G we have {(G) = a(G) — 1.



