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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Mathematical Logic

1. Definition: A group (G,x) is ordered if there is a linear order ‘<’ on G such that
(G, x,<) is an ordered group.
Prove that a group (G, %) can be ordered if and only if every finitely generated subgroup
of (G, *) can be ordered.

2. Show that in the language L = {+,.}, ZZ Z & Z.

3. Let M = (Q <) be the usual ordered structure of rationals. Choose a1, as,a;3... in
Q such that nlggo ap, = 0o. Prove that T' = Th(Q, <, ay,as9,as,...) has exactly three

countable models, in the language £ = {<,c1,¢9,¢3,...}.
4. Of the following statements, if it is true, prove it, otherwise present a counterexample.

a) every model-complete first order theory with a prime model, is complete.

b) every first order theory which admits quantifier elimination, is decidable.

5. Definition: (Principle of dependent choices, DC): Suppose R is binary relation on a
nonempty set A, and for every a € A there is b € A such that aRb. Then there is a
sequence ag, a1, a2, ... in A such that a, Ra,1, for all n € N.

Show that DC implies the countable axiom of choice.

6. Definition: A set X is definable if there is a formula ¢ in the language of set theory

L = {e}, such that X = {u: p(u)}.

Assume that not every ordinal number is definable. Show that the property ” X is

definable” is not expressible in L.



