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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Logic

1) Let R = (R, +, X,0,1) be a commutative ring in the language £ = {+, x,0,1}. Let I
be a monadic function symbol. Find a set I' of axioms in £ U {I} such that
a) if (R,I) =T, then I is an ideal in R,
b) if (R,I) =T, then I is a prime ideal in R,
c) if (R,I) =T, then I is a maximal ideal in R.
2) Let ZF denotes the axioms of set theory (without the axiom of choice). Prove that
(using the compactness theoren) there exists a model (M, E) of ZF with elements

z; € M, i € w such that ;41 Fx; for all 1 € w. Moreover, explain that the existence of

such a model does not contradict to the axiom of regularity in ZF'.

3) Let K be the class of all finite structures. Prove that K is not axiomatizable in first

order logic.

4) Let G = (G,0,¢) be a group such that for any natural number n, there exists g € G

with ¢" = gogo...og = e. Prove that there is a group H = (H, x,¢€'), elementary
—_——

n—times

equivalent to G and there exists h € H such that A =h x h...=¢

5) Let R = (R, +, %,0,1) be a structue for the language £ = {+, x,0,1}, where R is the
set of real numbers.
a) Prove that the set I = {z € Rz »= 0} is definable in R.
b) Show that I is not definable by a quantifier-free formula in L.

¢) Prove that Th (R) is a model-complete theory in L.



6) Give an example of a theay T in a first order language £ such that the cardinalites of

all finite models of T is {2" : n € w}. (Hint: Remember Boolean algebras!)



