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Number Theory

Let p, ¢ be two prime numbers with p = 4¢ + 1. Show that 2 is a primitive root mod p.

Let F' be a field of characteristic p, E an algebraic extension of F', and @ € E. Show

that « is separable over F' if and only if F(a?") = F(a) for all n > 1.

Let F be the splitting field of the polynomial f(z) = z* —2 over @, and G be the Galois

group of F'/Q. Compute the order of G and find a well-known group isomorphic to G.

a) Show that Z[v/—2] is a Euclidean domain.

b) Solve the equation y? = z3 — 2 (with z,y € 7).

Find the class number of Q(v/—6).

3a
Let a,b be odd positive integers such that % < CR If ¢ = 3% — b? is square-free, show

that the ideal-class group of the field Q(v/—c) contains an element of order a.



