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Sharif University of Technology

Department of Mathematical Sciences

Ph.D. Entrance Examination

Numerical Analysis

10 points 1)
5 points a) For what values of z, it is preferred to use — log(v/z2? + 1 —z) for the computation
of the equivalent expression log(v/z? + 1 + z)? Why?

5 points b) Show that the spectral radius of a matrix is not bigger than the norm of the matrix,

with respect to any subordinate norm. In order words, show

max |A;| < [l A]
1<i<n

where the ); are the eigenvalues of A and

[Al} = max [ Az]].
lef=1

10 points 2) Consider the sequence obtained for solving the linear system of equations Az = b using
the iterative relation

25 = Bz®) 4 ¢

starting with (9, and B and ¢ given. If the sequence {z(¥)} converges to z*, the exact

solution of Ax = b, then show:

= |1 B]".
1—|B]

10 points 3) Assume that f is a quadratic function and d is a given vector. Take G to be the Hessian

and ¢ the gradient of f at z¢, respectively. Assume d’ Gd > 0. Define:

$(N) = f(zo — Ad).



5 points a) Show:

. B (dTg)?
min (3) = 4(0) ~ Lo

5 points b) Show that the Newton method for the minimization of #(X) converges to the

solution in one iteration, starting with any given ).

10 pints 4) Assume {p;(z)}, are mutually orthogonal polynomials on [a,b] with respect to a

weight function w(z).

5 points a) Show that for any polynomial go,1(x), of degree 2n — 1, we have:

/ ' o1 (@wle)de = 3 gan 1 (1)

i=1
where,
b
Ai:/ w(z)li(x)dx
]
Pn ()
li(x) =
ATAP N
and z;, i = 1,...,n, are zeros (roots) of the polynomial p,(z). Assume the z;’s

are distinct.
5 points b) Prove:
b b
/ w(z)li(z)dx = / w(z)l?(z)dx
a a
where the x;’s are the roots of p,(z) and the [;(x)’s are the Lagrange basic poly-

nomials on z1,...,Ty.

10 points 5) Consider the numerical solution of the differential equation with boundary conditions

as
y'=z+y
y(0) =0
y(1) =0.5

using the step length 0.25. For each method below, set up the corresponding system of

equations obtained (you do not need to solve the system):

5 points a) Finite difference.

5 points b) Finite element using the hat functions (linear splines).



10 points 6) Determine the polynomial of degree 4, Py(z), closest to f(z) = ﬁ using the Ly norm

in the interval [—1,1]. In other words, determine the coefficients of Py so that ||Py— f||2

is minimized, where

1
loll3 = | 4*(w)ds.



